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Abstract

Problem definition: We investigate how the characteristics of consumers and a service firm influence

the firm’s optimal pricing and promised delivery-time decisions as well as the optimal investment in

the quality of delivery reliability information available to consumers. Methodology/Results: We use

utility, queuing, and choice modeling theories to model consumers’behavior and to find solutions

to the firm’s profit maximization problem. Managerial Implications: The optimal strategy is to

disclose either error-free delivery reliability information or no information at all. We also delineate

conditions for each of the two strategies to dominate.

Keywords: service operations, delivery time, pricing, information disclosure, online retailing.



1 Introduction

In business models that involve waiting times, consumers are often sensitive both to promised

delivery times and to deliveries being on time. For example, a survey found that 75% of U.S. online

shoppers care about on-time delivery (Carollo 2018), hereafter referred to as delivery reliability

(So 2000 and Marand, Li, and Thorstenson 2020). As noted by Cosgrove (2019), business firms

can promise short delivery times to attract consumers. However, the probability of late delivery

increases as promised delivery times are shortened, leading to a problematic trade-off.

A business firm may ease this trade-off by managing the delivery reliability information available

to consumers. The firm can disclose true, error-free delivery reliability rates or may collect and

publish error-prone, consumer-generated delivery-time ratings. Alternatively, the firm may choose

to publish no delivery reliability information at all. These three strategies provide consumers with

information sets that differ in terms of precision and thereby induce different consumer expectations.

Among the top ten online marketplaces by market share in the U.S. (according to eMarketer),

two do not publish any ratings (Apple and Carvana), seven publish aggregate ratings that combine

all aspects of the consumer experience (Amazon, Walmart, Target, Home Depot, Best Buy, Costco,

and Kroger), and one publishes separate ratings for delivery performance (eBay). This variety of

strategies suggests that a dominant strategy is unknown or it does not exist. Previous research has

addressed separate parts of this problem by, for instance, assuming that delivery reliability infor-

mation is exact (e.g., Ho and Zheng 2004), or that consumers are sensitive to delivery performance

but not to promised delivery times (e.g., Ren, Huang, and Arifoglu 2018).

We propose and solve a theoretical model to find the optimal decisions of a firm that serves

consumers who are sensitive to both promised delivery time and delivery reliability. The firm seeks

to maximize its profits by setting the price, the promised delivery time, and the level of investment

in the quality of the delivery reliability information. Accordingly, we specify the utility consumers

expect to draw from buying the firm’s offering, derive the demand function, and maximize the firm’s

profit to find optimal solutions. We verify the realism of our model by analyzing data from T-mall’s

retailing platform. In addition, we perform numerical studies to examine the firm’s optimal decisions

if the firm compensates consumers when it delivers after the promised delivery time.

Our analyses generate a number of managerial insights. We find that the firm’s optimal decision

is to make either full effort or zero effort to improve the quality of the delivery-time information. The

decision depends directly on the cost of information quality, the dispersion of consumer valuations

of the firm’s offering, and consumer sensitivity to delivery trust, which we define as the delivery
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reliability expected by consumers. Profits decline with increasing costs of information quality but

grow with increasing dispersion of consumer valuations and with increasing consumer sensitivity to

delivery trust. We also show that the firm cannot change information quality to improve delivery-

time performance and increase consumer demand simultaneously. Moreover, the firm may be worse

off if consumer sensitivity to the promised delivery time increases. Finally, the presence of negative

biases in consumers’delivery trust could make the no-effort decision more likely to be optimal.

These results contribute to a broad literature on how the amount of information available to

consumers affects outcomes in queuing systems [see Ch. 3 of (Hassin 2016) for a review]. Existing

studies consider different forms of information, such as the state of the system (Guo & Zipkin 2007,

Economou & Kanta 2008), system parameters (Cui & Veeraraghavan 2016), and offering quality

(Debo, Parlour & Rajan 2012, Guo, Haviv, Luo & Wang 2022). A first stream of research within

this literature (e.g., So 2000 and Yu 2015) focuses on settings in which consumer decisions depend on

promised delivery times and prices but not directly on delivery reliability. A second stream of work

(e.g., Chatterjee, Slotnick, and Sobel 2002, Shang and Liu 2011) makes the opposite assumption

that exact information on actual delivery reliability is available to consumers. A third stream of

research (e.g., Huang and Chen 2015, Ren, Huang, and Arifoglu 2018) studies a middle ground

in which consumers have partial knowledge of service quality. Studies in this stream, however,

do not consider promised delivery time and how it affects the delivery reliability. Unlike extant

publications, this work focuses on the availability of information on delivery reliability.

2 Model

We consider a queuing system in which a firm serves consumers by delivering its offerings (products

or services) at service rate µ. The firm promises a delivery (sojourn) time t, sets a price p, and

makes an investment φ in delivery reliability information quality. In practice, the firm can invest

in improving the quality of delivery reliability information available to consumers by, for example,

improving the accuracy of its consumer rating algorithms or by building infrastructure capable of

reporting true delivery reliability (as T-mall did). Here, we abstract the level of investment as a

decision variable φ ∈ [0, 1] without loss of generality, and define the three following scenarios: the

full-effort scenario, φ = 1; the partial effort scenario, φ ∈ (0, 1); and the no-effort scenario, φ = 0.

The inter-arrival rate of consumers is λ(p, t, φ) (for short, λ). The promised delivery time t

includes order processing and shipping times. Buyers pay only the product price as there are no

shipping fees (as in T-mall’s platform). The actual delivery time T often differs from the promised
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delivery time t and is naturally treated as a random variable (So 2000, Ho & Zheng 2004). The

probability of delivering the offering within the promised delivery time, i.e., q = Pr(T ≤ t), is the

delivery reliability, which abstracts the fraction of consumers who are satisfied with the delivery

time (Ho & Zheng 2004). We model the system as an M/M/1 queuing model. Hence,

q = 1− exp(−(µ− λ)t). (1)

Naturally, t ≥ 1/(µ − λ), because, otherwise, q < 1 − exp(−1) = 63% is very low. Our analysis

of the data from a random sample of sellers at T-mall indicates that the mean and the standard

deviation of the delivery reliability across sellers are 97.27% and 2.78%, respectively.

2.1 Information Quality and Inferred Delivery Reliability

We model consumer inferences of delivery reliability as a random variable R with consumer-specific

realizations. Because R reflects a consumer’s trust in the promised delivery time t, we refer to R

as the “degree of delivery trust”(for similar uses of the term “trust,”see, for example, Oliveira et

al. 2017 and Ta, Esper, and Hofer 2018). Without loss of generality, R is a function of q and a

random variable X that represents informational error. In general, R is increasing in q. An analysis

of T-mall’s data (see online Appendix A) confirms this logic and suggests that the relationship can

be abstracted as linear. We accordingly define the random degree of delivery trust as

R ≡ ρq +X = ρ[1− exp(−(µ− λ)t)] +X, (2)

where ρ is included to scale the effect of q on R. As discussed in online Appendix B, both E(X)

and V ar(X) are usually decreasing in information quality such that E(X|φ = 0) = maxφE(X) and

V ar(X|φ = 0) = maxφ V ar(X) when information quality is lowest; and V ar(X|φ = 1) = 0 and

E(X|φ = 1) may be zero when information quality is highest.

We model the random variable X as X = δ1Z + δ2, where δ1 is a positive constant, δ2 is

a constant that can be positive, zero, or negative, and Z is a random variable that satisfies the

following three conditions: (i) Pr(Z = 0|φ = 1) = 1; (ii) E(Z|0 ≤ φ < 1) > 0; and (iii) both

E(Z) and V ar(Z) are decreasing in φ. Because δ2 could be negative, E(X) = δ1E(Z) + δ2 may be

positive, zero, or negative. Notably, when δ1 = 1 and δ2 = 0, φ = 1 implies that Pr(X = 0) = 1

and R = ρq, which is the standard assumption in the literature (e.g., So 2000, Ho and Zheng 2004,

Marand, Li, and Thorstenson 2020) and leads to closed forms for the demand function. The random
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variable Z satisfies conditions (i), (ii), and (iii) if it follows the C(φ) distribution (Cardell 1997).

Claim 1 The C(φ) distribution has a single parameter φ ∈ [0, 1] that determines both its central lo-

cation and scale. If Z ∼ C(φ), then E(Z) = γ(1−φ) and V ar(Z) = π2(1−φ2)/6, where γ ≡ 0.57721

is the Euler-Mascheroni constant. See online Appendix C for the derivation of these expressions.

The mean and variance are both decreasing in φ.

If Z ∼ C(φ), the case φ = 1 corresponds to the full-effort scenario, in which E(X|φ = 1) = δ2

and V ar(X|φ = 1) = 0. In contrast, φ = 0 represents the no-effort scenario, in which C(0) is the

standard Gumbel distribution and thus, E(X|φ = 0) = δ1γ + δ2 and V ar(X|φ = 0) = δ21π
2/6.

Values of φ ∈ (0, 1) correspond to the partial-effort scenario. It follows that the parameter φ of

the C(φ) distribution can assume the role of the firm’s effort to improve information quality. We

accordingly use the C(φ) distribution to model Z and use the distribution’s parameter φ to represent

the firm’s investment in information quality.

2.2 The Consumer Utility Functions

Every arriving consumer considers both buying the firm’s offering and balking (i.e., buying the

outside good) and chooses the option that offers the highest expected utility.

2.2.1 Utility of Buying

The consumer’s expected utility of buying the offering depends on p, t, and a base value α, i.e.,

U ≡ α− p+ βrR− βtt+ Y = α− p+ βr(ρq +X)− βtt+ Y = V + θ, (3)

where V ≡ α−p+βr(ρq+δ2)−βtt and θ ≡ βrδ1Z+Y are the deterministic and random components,

respectively. Here, V is bounded from above by V̄ ≡ α− c+ βr(ρ+ δ2)− βtt, where t ≥ 0 denotes

the shortest delivery time and c denotes the unit acquisition cost. The parameters βt ≥ 0 and

βr ≥ 0 determine the importance of promised delivery time t and delivery trust R, respectively.

The random variable Y represents consumer-specific valuations of the offering. As is standard (Ho

& Zheng 2004, Jalili Marand, Li & Thorstenson 2020), we let Y ∼ Gumbel(τY , ωY ), where τY ≥ 0

and ωY > 0 are parameters denoting the location and scale of the distribution, respectively.

Let θ̂ ≡ θ/(βrδ1) = Z + φŶ , for 0 < φ < 1, where Ŷ ≡ Y/(φβrδ1) ∼ Gumbel with E(Ŷ ) =

(τY + γωY )/(φβrδ1) and V ar(Ŷ ) = [ωY /(φβrδ1)]
2π2/6. According to Cardell (1997), θ̂ ∼ Gumbel

4



with V ar(θ̂) = ω2
θ̂
π2/6, where ωθ̂ is the scale parameter. Using Claim 1, we obtain

ωθ̂ =

√
6(V ar(Z) + φ2V ar(Ŷ ))

π
=

√
(βrδ1)

2(1− φ2) + ω2Y

βrδ1
,

and conclude that θ is Gumbel distributed with scale factor ωθ ≡
√

(βrδ1)
2(1− φ2) + ω2Y .

2.2.2 Utility of Balking

The utility of balking (buying nothing or a substitute offering) is Ue ≡ Ve +Ye, where Ve and Ye are

the deterministic and random components, respectively. It is typically assumed that Ye and θ are

independently and identically distributed (i.e., Ye ∼ Gumbel with scale ωθ), which often holds in

practice (see cases studied by Munizaga, Heydecker, and de Dios Ortuzar 2000, Severin, Louviere,

and Finn 2001) and should hold for any well-specified utility function (see Train 2009, Ch. 3).

2.3 The Demand and Profit Functions

A consumer buys the firm’s offering if U − Ue = V − Ve + θ̃ ≥ 0 where θ̃ ≡ θ − Ye. Otherwise, the

consumer balks. Because θ and Ye are i.i.d. Gumbel variables, we have that θ̃ ∼ Logistic(0, ωθ) and

as a result (Train 2009) the probability of the “buy”alternative is

S ≡ Pr

(
θ̃

ωθ
≥ Ve − V

ωθ

)
=

1

1 + exp[−(V − Ve)/ωθ]
.

Letting Λ denote the market size, we find

λ(p, t, φ) = ΛS ≤ S̄Λ, (4)

where S̄ ≡ 1/(1 + exp[−(V̄ − Ve)/ωθ]) denotes the firm’s maximum market share. Hence, the firm’s

service rate µ satisfies µ ≥ S̄Λ. The firm’s profit is Π(p, t, φ) = λ(p, t, φ)(p − bφ − c), where b > 0

represents the cost per unit of such effort or, for short, the unit effort cost.

3 Main Analyses

We first condition demand on φ and solve maxp,t Π(p, t) ≡ λ(p, t|φ)(p − bφ − c) to find p∗(φ) and

t∗(φ). Then, we solve maxφ Π(p∗(φ), t∗(φ), φ) to obtain φ∗ and compute p∗ = p∗(φ∗) and t∗ = t∗(φ∗).
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3.1 Step 1: Derivation of p∗(φ) and t∗(φ)

Lemma 1 We can determine unique q∗(φ) and p∗(φ) as follows.

1. If µ < S̄Λ + βt/(βrρ), then t∗(φ) = t and p∗(φ) is given by the unique solution to:

p = bφ+ c+ tβrρλ(p, t) exp(−(µ− λ(p, t))t) +
ωθΛ

Λ− λ(p, t)
. (5)

2. If µ ≥ S̄Λ + βt/(βrρ), then one first solves the following equation to find t∗(p, φ):

βrρ(µ− λ(p, t)) exp(−(µ− λ(p, t))t) = βt. (6)

Then one can obtain the unique price function p∗(φ) by solving the following equation for p:

p = bφ+ c+
βtλ(p)t∗(p)

µ− λ(p)
+

ωθΛ

Λ− λ(p)
. (7)

Finally, t∗(φ) = t∗(p∗(φ), φ).

The solution when µ < S̄Λ + βt/(βrρ) is trivial and unrealistic in most business contexts of

interest because it implies that the firm can deliver its offerings instantaneously. Accordingly,

subsequent analyses focus on the scenario µ ≥ S̄Λ+βt/(βrρ). Using (6), we find that 1/(µ−λ∗(φ)) ≤

βrρ exp(−1)/βt, i.e., the upper bound of the average delivery time is βrρ exp(−1)/βt. Because

maxx∈R(x exp(−x)) = exp(−1), we have βtt
∗(φ)/(βrρ) ≤ exp(−1) or t∗(φ) ≤ βrρ exp(−1)/βt.

3.2 Step 2: Derivation of φ∗, p∗(φ∗), and t∗(φ∗)

3.2.1 The Impact of φ

The direct derivation of φ∗, p∗(φ∗), and t∗(φ∗) is not tractable. We instead characterize these

functions by studying the impact of ωθ and leveraging the result that ∂ωθ/∂φ = −(βrδ1)
2φ/ωθ <

0, i.e., ωθ is monotonically decreasing in φ over the range φ ∈ (0, 1). Using (1) and (6), we write

q∗(φ) = 1− βt/ [βrρ(µ− λ∗(φ))] and differentiate it once w.r.t. ωθ to obtain

∂q∗(φ)

∂ωθ
= − βt

βrρ(µ− λ∗(φ))2
∂λ∗(φ)

∂ωθ
, (8)

which implies that the impact of ωθ on q∗(φ) and the impact of ωθ on λ∗(φ) have opposite signs.

Hence, the impact of φ on q∗(φ) and that of φ on λ∗(φ) differ likewise.
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Lemma 2 Consider the inequalities:

bω2θ
(βrδ1)

2φ
≥ V − Ve, (9)

∂λ∗

∂ωθ
>
ργωθ(µ− λ∗(φ))2

φβrβtδ1
. (10)

If φ is set exogenously, then we have the following results.

1. If condition (9) holds, then t∗(φ), λ∗(φ), and Π∗(φ) decrease with φ; and q∗(φ) increases with

φ. In addition, if (10) holds, then E(R∗) increases with φ; otherwise, E(R∗) decreases with φ.

2. If condition (9) does not hold, then p∗(φ), t∗(φ), λ∗(φ), and Π∗(φ) increase with φ; but, q∗(φ)

and E(R∗) decrease with φ. We also find that V is decreasing in φ but V > Ve.

Lemma 2 thus defines two scenarios. If V ≤ Ve, then (9) holds because bωθ/[(βrδ1)
2φ] ≥ 0. If

instead V > Ve, we use ∂ωθ/∂φ = −(βrδ1)
2φ/ωθ to find

κ1 ≡ −
∂ωθ/ωθ
∂φ/φ

≤ κ2 ≡
bφ

V − Ve
, (11)

where κ1 denotes the elasticity of ωθ with respect to φ, and κ2 denotes the firm’s information quality

effort relative to consumers’information-independent, net utility gain.

We learn from (11) that the firm’s information quality effort elasticity of consumers’reliability

inference is no larger than the firm’s effort relative to consumers’ information-independent net

gain. When (9) holds, the firm’s information quality efforts are ineffi cient (κ1/κ2 ≤ 1). To attract

consumers, the firm reduces the promised delivery time, which, nonetheless, reduces demand and

profits. When (9) does not hold, the firm’s efforts are effi cient (κ1/κ2 > 1) and the firm should

increase the promised delivery time to mitigate the reduced reliability, in agreement with (1).

3.2.2 The Optimal Decisions

Theorem 1 If

bω2Y /(βrδ1)
2 ≥ V1 − Ve, (12)

where V1 ≡ V |φ=1, then φ∗ = 0; otherwise, φ∗ = arg maxφ∈{0,1}Π∗(φ).

Theorem 1 indicates that the firm should make a full effort to inform consumers of the true

delivery reliability, or make zero effort. It is suboptimal for the firm to make a partial effort.

The intuition behind this result is as follows. Condition (12) holds when: (a) information quality

is suffi ciently costly (i.e., b should be suffi ciently high); (b) consumers care little enough about
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reliability (i.e., βrδ1 should be suffi ciently small); and (c) consumer individual valuations of the

firm’s offerings are suffi ciently dispersed (i.e., ωY should be suffi ciently large); or, alternatively,

when (d) V1 ≤ Ve. If either all of (a)-(c) or (d) hold, then, for any value of φ, the firm can always

increase its profit by lowering the quality of information, thus ending up making no investment in

information quality. Otherwise, when neither (a)-(c) or (d) are satisfied, Condition (12) does not

hold and the firm profits from making high-quality information available to consumers.

We define p∗ = p∗(φ∗), t∗ = t∗(φ∗), λ∗ = λ∗(φ∗), Π∗ = Π∗(φ∗), and q∗ = q∗(φ∗) = 1− exp(−(µ−

λ∗)t∗) = 1−βt/[βrρ(µ−λ∗)]; thus, the deterministic component of the degree of delivery trust R is

ρq∗ = ρ− (βt/βr) (µ− λ∗)−1 , (13)

and declines linearly on the average delivery time (µ − λ∗)−1 by a factor equal to the ratio βt/βr.

That is, the average delivery time has a large impact on the degree of delivery trust if the promised

delivery time is more important to consumers than the degree of delivery trust.

Moreover, if λ∗1 ≡ λ∗|φ∗=1 ≤ λ∗|φ∗=0 ≡ λ∗0, then q∗1 ≡ q∗|φ∗=1 ≥ q∗|φ∗=0 ≡ q∗0. That is,

(q∗0 − q∗1)(λ∗0−λ∗1) ≤ 0, i.e., the firm cannot simultaneously increase both delivery-time performance

and demand rate by choosing between φ∗ = 0 and φ∗ = 1. Likewise, the number of late orders is

(1− q∗i )λ∗i = βt/(βrρ)×λ∗i /(µ−λ∗i ), for i = 0, 1, where λ∗i /(µ−λ∗i ) is the expected delivery volume.

Hence, the larger the delivery volume, the fewer the consumers who receive their orders on time.

The firm faces a trade-off between demand volume and delivery performance.

4 Sensitivity Analysis

We define the βi-elasticity (i = t, r) of the optimal promised delivery time t∗ and the βi-elasticity of

demand λ∗, respectively, as ηt∗,βi = (∂t∗/t∗) / (∂βi/βi) and ηλ∗,βi = (∂λ∗/λ∗) (∂βi/βi) , for i = t, r.

Corollary 1 If the value of βt increases: (i) the promised delivery time t∗ shortens and the demand

λ∗ decreases; (ii) the firm’s optimal price p∗ and profits Π∗ decrease if ηt∗,βt ≤ −1 but may increase

otherwise; and (iii) q∗ increases if ηλ∗,βt ≥ (λ∗ − µ)/λ∗ but decreases otherwise.

Corollary 1 indicates that, naturally, as consumer utility becomes more sensitive to the promised

delivery time, the firm shortens it. However, the demand also decreases, mainly because a shorter

promised delivery time may translate into a lower reliability. The optimal price could increase but

could also decrease, when the optimal promised delivery time is elastic with respect to consumer

sensitivity to the promised delivery time. Because (µ−λ∗)/λ∗ = (1−λ∗/µ)/(λ∗/µ), where 1−λ∗/µ
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and λ∗/µ represent the probabilities for the idle and busy statuses respectively, we can interpret

(µ − λ∗)/λ∗ as the “odds of service idleness.” In practice, the odds of service idleness are likely to

be small and therefore, if −ηλ∗,βt ≤ (µ− λ∗)/λ∗, then consumer demand is likely to be inelastic to

the promised delivery time, and delivery reliability q∗ is likely to increase with βt.

Corollary 2 When βr increases, we find that

1. for both φ∗ = 0 and φ∗ = 1, if

q∗ ≤ βtλ
∗ − βrδ2(µ− λ∗)2

βtµ− βrδ2(µ− λ∗)2
, (14)

then q∗ increases, λ∗ decreases, and p∗, t∗, and Π∗ may increase; and

2. for φ∗ = 1, if the inequality (14) does not hold and 1/(µ − λ∗1) is suffi ciently small, then

p∗1 ≡ p∗|φ∗=1, t∗1 ≡ t∗|φ∗=1, λ∗1, and Π∗1 increase. In addition, q
∗
1 increases only when ηλ∗1,βr ≤

(µ− λ∗1)/λ∗1.

We note that the right-hand side of (14) is smaller than the service utilization λ∗/µ. Thus,

Corollary 2 indicates that, if service utilization is no smaller than delivery reliability q∗, increased

consumer sensitivity to reliability may induce the firm to improve it. However, demand may decline

because of higher prices and longer promised delivery times. Yet, profit may increase. If service

utilization is smaller than reliability, then the results could differ for φ = 0 and φ = 1.

Corollary 3 When µ increases, for both φ∗ = 0 and φ∗ = 1: (i) t∗ decreases and λ∗ increases by

less than the increase in µ, i.e., 0 < ∂λ∗/∂µ <; (ii) q∗i (i = 0, 1) increases; and (iii) p∗ and Π∗ may

increase if the expected delivery time 1/(µ− λ∗i ) is suffi ciently short but may decrease otherwise.

Because 0 < ∂λ∗i /∂µ < 1 (i = 0, 1), we have that ∂[1/(µ−λ∗i )]/∂µ = −[1/(µ−λ∗i )2] (1− ∂λ∗i /∂µ) <

0, which means that when µ is suffi ciently large, 1/(µ− λ∗i ) is suffi ciently small and thus the firm’s

optimal price and expected profit are both increasing in µ.

Corollary 4 When ωY increases, for both φ∗ = 0 and φ∗ = 1: (i) both t∗ and p∗ increase; (ii) q∗

decreases; and (iii) λ∗ and Π∗ increase.

Corollary 4 indicates that increased dispersion in consumer valuations of the firm’s offerings

leads to higher demand because it implies that a larger number of consumers predict utility levels

that are far above the utility of the outside good. A higher predicted utility allows the firm to

charge higher prices and offer longer delivery times without offsetting gains in demand. Yet, longer
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promised delivery times are not suffi cient to mitigate the increased demand and delivery reliability

drops. The firm thus capitalizes on higher prices and increased demand to reap higher profits.

5 Numerical Studies

We numerically investigate the sensitivity of our results to model parameters and, in particular, to

the possibility that the firm compensates consumers by reimbursing a fixed amount when a delivery

is late. Letting d denote the penalty for late delivery, we compute the expected cost of late deliveries

as Pr(T > t) × d = d(1 − q) = d exp(−(µ − λ(p, t, φ))t). Likewise, the consumer utility function is

Û = α− p+ d(1− q) + βrρq− βtt+ βrX + Y = V̂ + θ, where V̂ ≡ α+ d− p+ (βrρ− d)q− βtt and

θ = βrX + Y as defined in Section 2.2.1. The firm’s optimization problem is

maxp,t,φ Π̂(p, t, φ) ≡ λ(p, t, φ)[p− bφ− d(1− q)− c]. (15)

We set δ1 = 1 and δ2 = 0 (i.e., X = Z), [Λ, α, βr, βt, ρ, Ve, ωY , µ, c, d] = [25, 5, 5, 5, 5, 5, 5, 100, 5, 5]

to define our baseline scenario. For sake of consistency with our analytical results, we focus on

parameters d, βr, βt, µ, and ωY . Similar results for other parameters and for alternative distributions

of Z appear in online Appendix E. Starting with the baseline scenario, we vary the values of each

focal parameter over the set {0, 5, 10}. For each combination of parameter values, we compute and

plot Π̂∗ over the range φ ∈ [0, 1]. We numerically solve (4) and (15) using the logit formula for the

C(φ) distribution and simulation for other distributions. We extend the algorithm proposed by Ho

and Zheng (2004) as follows.

Algorithm 1 In Step 0, we set pn = 1 and tn = 1, for n = 0. In Step 1, we compute λn(pn, tn).

In Step 2, we find {pn+1, tn+1} = arg maxp,t Π̂(p, t, λn). In Step 3, if pn+1 = pn and tn+1 = tn, then

p∗ = pn, t∗ = tn, and we stop; otherwise, we let n = n+ 1 and go to Step 1.

Numerical results appear in Figure 1 and show that, in every scenario, Π̂∗ is convex for φ ∈ (0, 1).

This holds true for all values of d and other parameters. Furthermore, the effects of changes to

parameters βr, βt, µ, and ωY are as predicted by our analytical results.

We report three more sets of numerical studies to illustrate possible shapes of the profit function

and to assess the effect of the sign of E(X). The three sets of scenarios correspond to b ∈ {0, 1, 5}.

We keep δ1 = 1 but let δ2 ∈ {−1,−0.5, 0, 0.5, 1} to allow for E(X) < 0. As Figure 2 illustrates,

δ2 ≥ 0 implies that the optimal information quality level is either φ∗ = 1 (when b = 0, 1) or φ∗ = 0

(when b = 5). Results for δ2 < 0 are similar, except that φ∗ = 0 when b = 1. This suggests that

10



0

200

400

600

0.00 0.25 0.50 0.75
ϕ

Π

βr 0 5 10

d 
= 

0

100

200

300

0.00 0.25 0.50 0.75
ϕ

Π

βt 0 5 10

200

220

240

0.00 0.25 0.50 0.75
ϕ

Π

µ 50 75 100

200

220

240

260

0.00 0.25 0.50 0.75
ϕ

Π

ωY 0 5 10

0

200

400

600

0.00 0.25 0.50 0.75
ϕ

Π

βr 0 5 10

d 
= 

50

100

200

300

0.00 0.25 0.50 0.75
ϕ

Π

βt 0 5 10

200

220

240

0.00 0.25 0.50 0.75
ϕ

Π

µ 50 75 100

200

220

240

260

0.00 0.25 0.50 0.75
ϕ

Π

ωY 0 5 10

0

200

400

600

0.00 0.25 0.50 0.75
ϕ

Π

βr 0 5 10

d 
= 

10
0

100

200

300

0.00 0.25 0.50 0.75
ϕ

Π

βt 0 5 10

200

220

240

0.00 0.25 0.50 0.75
ϕ

Π

µ 50 75 100

200

220

240

260

0.00 0.25 0.50 0.75
ϕ

Π

ωY 0 5 10

Figure 1: The response of optimal profits to information quality for different parameter values.

negative biases in consumer inferences of delivery reliability may make the no-effort strategy more

likely to be optimal.
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Figure 2: Possible shapes for the firm’s profit function Π∗(φ) and the effect of the sign of δ2.

6 Summary and Concluding Remarks

We explore the optimal pricing, promised delivery time, and delivery information quality effort

decisions of a firm that serves consumers sensitive to price, promised delivery time, and delivery

reliability. We contribute to the literature with both analytic modelling innovations and managerial

insights. Specifically, our proposed model abstracts the different degrees of information quality

observed in practice by regarding the error in delivery reliability information as a continuous random

variable. The distribution of this random variable depends on a continuous measure of the firm’s

information quality effort. To incorporate this additional source of uncertainty into the standard

random utility model, we capitalize on the special properties of the C(φ) distribution (Cardell 1997).

This methodological innovation allows us to solve the model analytically and characterize the optimal

decisions as well as the optimal reliability and profit. To the best of our knowledge, this work is the

first to incorporate the C(φ) distribution into analytic models in the operations management field.
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We obtain a number of managerial insights that can be helpful to managers of digital businesses.

The five main insights are summarized as follows. First, our results imply that it is optimal for

an online merchant to spend either full effort or no effort to improve the precision of consumer

perceptions of delivery reliability. That is, the firm should not consider a partial effort. Whether

it is optimal to make the full effort or no effort depends on many factors but mainly on the cost of

information quality and the dispersion of consumer valuations. The higher these two main factors

are, the less likely the firm should make a full effort. This suggests that the estimation of cost and

consumer characteristics should receive especial attention from managers.

Second, the factors that influence the firm’s profit the most are consumer sensitivity to delivery

trust and the correlation between consumer inferences of delivery reliability and actual delivery

reliability (see online Appendix E). Profits increase with growing sensitivity to delivery trust and

with a strengthening correlation between inferred and actual delivery reliability. Yet, negative biases

in consumer inferences of delivery reliability harm profits and make the no-effort decision more likely

to be optimal.

Third, the firm cannot simultaneously increase both delivery reliability and consumer demand

by changing the information quality level. This interesting result indicates that the consumer who is

more likely to trust the delivery-time information is not more likely to buy, because the consumer’s

purchase also depends on other factors such as price, promised delivery time, etc. Hence, the results

suggest that online merchants may need to determine whether profits or market share are more

important before deciding on their delivery-time information efforts.

Fourth, we find that a higher service rate could help simultaneously raise delivery reliability,

consumer demand, as well as the firm’s profit. This finding emphasizes the importance of investing

in service capacity. Fifth, high heterogeneity in consumer valuations of the firm’s offerings harms

profits. This suggest that, ceteris paribus, online merchants should favor markets in which consumer

valuations of their products are as uniform as possible.
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Online Appendices

“Disclosing Delivery Performance Information when Consumers are Sensitive to
Promised Delivery Time, Delivery Reliability, and Price”

Appendix A Average Delivery-Time Ratings and Conformance

We used T-mall/Cainiao data to explore the relationship between average delivery-time ratings

and delivery reliability. First, we compute the reliability of each merchant in the data set and the

average of the individual-level ratings provided by buyers, across all orders with complete data.

This yields 3,665 observations. Then we perform an OLS regression of average delivery-time ratings

on reliability. The estimated regression equation is

average delivery-time rating = 4.396 + 0.438× reliability+ ε,

(0.060) (0.062)

where the standard errors of the estimates appear in parenthesis. The coeffi cient of reliability is

highly significant (p-value< 0.0001), indicating that there is a positive and statistically significant

relationship between reliability and ratings. The intercept is positive, large, and statistically sig-

nificant, so that ratings are positive even when reliability is zero. This implies that ratings exhibit

a significant upward bias. We then inspect the residuals to verify that the conditions for inference

are satisfied (residuals should be normally distributed, homoskedastic, independent, and the rela-

tionship linear). We note, however, that the distribution of reliability is highly skewed, with 50%

of the observations having a value above 0.98 and fewer than 5% of the observations having values

below 0.90. This implies that residuals could appear heteroskedastic simply because dispersion is

normally proportional to sample size and therefore we could expect higher dispersion for high levels

of reliability. For this reason, we randomly sample 500 observations from the data with probabil-

ity weights inversely proportional to the square of their reliability values. We then replicate the

regression analysis and obtain the estimated regression equation

average delivery-time rating = 4.248 + 0.593× reliability+ ε.

(0.113) (0.116)

Once again, we find evidence of a positive and statistically-significant correlation (p-value<

0.0001) between reliability and average delivery-time ratings. The standardized residuals do not

exhibit any clear sign of homoskedasticity, non-linearities, or non-normality. Data are not ordered

and the possibility of autocorrelation is ruled out. The conditions for inference are satisfied.

Appendix B Information Quality and Inference Distribution

The propositions that E(X) and V ar(X) are both positive and decreasing on information quality

are backed by several studies in the literature. For example, field experiments in the context of

consumer expectations of prices show that making high-quality information available to consumers

reduces the heterogeneity and bias of their expectations (Fuster et al. 2002). In the context of online

retailing, consumer expectations exhibit a positive bias because online reviews influence consumer

expectations and online reviews are biased upward (see Park et al. 2018 and references therein).
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Similarly, research has shown that both the mean and dispersion of consumer attitudes towards

offerings decline with the quality of reviews. This occurs because high-quality negative reviews

affect attitude (expectations) more than low-quality reviews do, whereas positive reviews are less

effective regardless of their quality (Lee et al. 2008). Because attitudes informed by ratings are

normally biased upwards, the negative effect of increased information quality on attitudes should

reduce such positive bias. Conversely, lowering the quality of online reviews can increase the bias

and variance of subsequent evaluations (Muchnik et al. 2013). In summary, the literature indicates

that expectations exhibit a positive bias, which decreases as information quality increases. The

dispersion (heterogeneity) of these expectations also decreases as information quality increases.

One may note that the firm may benefit from increasing information quality even if the optimal

degree of delivery trust decreases when both E(X) and V ar(X) decrease. Specifically, information

error inflating the degree of trust can harm the firm because it implies that consumers “overestimate”

delivery reliability q. When consumers overestimate the reliability, they are less satisfied with the

actual delivery service and provide lower delivery ratings. It follows that a higher degree of trust

resulting from a larger informational error makes the firm worse off. That is, a “lower degree of

trust”is better for the firm than an “inflated degree of trust.”Therefore, the firm has an incentive to

improve information quality (i.e., increase the value of φ), reducing E(X) and V ar(X) and deflating

the degree of trust. Nonetheless, the firm can benefit from a high degree of trust that is made by a

large delivery reliability q.
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Appendix C The Mean and Variance of the C(φ) Distribution

Cardell (1997) derived the characteristic function of the C(φ) distribution as

ψφ(τ) = Γ(1− ιτ)/Γ(1− ιφτ), (16)

where ι ≡
√
−1 is the imaginary unit, Γ(z) ≡

∫∞
0 xz−1 exp(−x)dx is the standard gamma function,

and τ ∈ R is the argument of the characteristic function. However, Cardell (1997) did not derive

closed-form expressions for the mean and variance and these are not readily available in the litera-

ture. (Cardell did show that, although there is no closed-form cumulative distribution function for

C(φ), there is a closed-form probability density function.)
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Next, we derive closed-form expressions of the mean and variance of Z. From (16), the first and

second moments of the C(φ) distribution are given by
E(Z) = ι−1 ×

∂ψφ(τ)

∂τ

∣∣∣∣
τ=0

= γ(1− φ),

E(Z2) = ι−2 ×
∂2ψφ(τ)

∂τ2

∣∣∣∣∣
τ=0

=
(1− φ)[π2(1 + φ) + 6γ2(1− φ)]

6
,

where γ ≡ 0.57721 is the Euler-Mascheroni constant. The mean of Z is given by the first moment

E(Z) and, letting σZ denote the standard deviation of Z, we have the variance as

V ar(Z) = σ2Z = π2(1− φ2)/6. (17)

It follows that limφ→1E(Z) = 0 and limφ→1 V ar(Z) = 0, which is consistent with Cardell’s

finding, i.e., φ = 1 implies that Pr(Z = 0) = 1. In addition, we find that limφ→0E(Z) = γ and

limφ→0 V ar(Z) = π2/6. This also is consistent with Cardell’s finding: the C(φ = 0) distribution is

the standard Gumbel distribution.

Appendix D Proofs

Proof of Lemma 1. Given the value of p, we compute the first and second-order derivatives of

Π(p, t) w.r.t. t as

∂Π(p, t)

∂t
=
∂λ(p, t)

∂t
(p− bφ− c) and ∂

2Π(p, t)

∂t2
=
∂2λ(p, t)

∂t2
(p− bφ− c),

where λ(p, t) ≡ λ(p, t|φ). It follows from expression (4) that λ(p, t, φ) = Λ/[1 + exp(−(V −Ve)/ωθ)],
from which we obtain V = Ve + ωθ[ln(λ(p, t))− ln(Λ− λ(p, t))]. For simplicity, we hereafter define

K ≡ Ve + ωθ[ln(λ(p, t))− ln(Λ− λ(p, t))]. We differentiate K once w.r.t. t to obtain

∂K

∂t
≡ ωθΛ

λ(p, t)(Λ− λ(p, t))

∂λ(p, t)

∂t
.

Note that V = α − p + βr(ρq + δ2) − βtt, where q = 1 − exp(−(µ − λ)t) as given in (1). We then

differentiate V once w.r.t. t to obtain

∂V

∂t
= βrρ exp(−(µ− λ(p, t))t)

[
µ− λ(p, t)− ∂λ(p, t)

∂t
t

]
− βt.

Solving ∂V/∂t = ∂K/∂t for ∂λ(p, t)/∂t, we obtain

∂λ(p, t)

∂t
=

λ(p, t)(Λ− λ(p, t))ξ

βrρtλ(p, t)(Λ− λ(p, t)) exp(−(µ− λ(p, t))t) + ωθΛ
,

where ξ ≡ βrρ(µ−λ(p, t)) exp(−(µ−λ(p, t))t)−βt. One can easily note that the sign of ∂λ(p, t)/∂t

only depends on the sign of ξ. Because SΛ ≤ S̄Λ, we have µ − λ(p, t) ≥ µ − S̄Λ. Noting that,

for a > 0 and ax ≥ 1, the function x exp(−ax) is decreasing in x, we find that, because t ≥
1/(µ − λ(p, t)), then (µ − λ(p, t)) exp(−(µ − λ(p, t))t) ≤ (µ − S̄Λ) exp(−(µ − S̄Λ)t). In addition,
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because exp(−(µ − S̄Λ)t) ≤ 1, we have (µ − λ(p, t)) exp(−(µ − λ(p, t))t) ≤ (µ − S̄Λ). Multiplying

both side of the inequality by βrρ, we obtain

ξ ≤ βrρ(µ− S̄Λ)− βt. (18)

Thus, for a given value of p, if βrρ(µ − S̄Λ) − βt < 0, or µ < S̄Λ + βt/(βrρ), then ξ < 0 or

∂λ(p, t)/∂t < 0; and t should be t, i.e., t∗(p) = t.

Otherwise, if µ ≥ S̄Λ + βt/(βrρ), then the RHS of the inequality in (18) is non-negative and

therefore ξ is no larger than a non-negative number. It remains to show that there exists at least

one solution for ξ = 0. As argued above, (µ− λ(p, t)) exp(−(µ− λ(p, t))t) is decreasing in t; that is,

ξ decreases with t. Because 0 ≤ λ(p, t) ≤ S̄Λ,

lim
t→+∞

ξ = lim
t→+∞

[βrρ(µ− λ(p, t)) exp(−(µ− λ(p, t))t)− βt] = −βt < 0.

Noting that t ∈ [t,+∞) and t ≥ 0, we should also examine if ξ|t→0 ≥ 0. Since µ ≥ S̄Λ + βt/(βrρ)

and 0 ≤ λ(p, t) ≤ S̄Λ, µ − λ(p, t) ≥ βt/(βrρ). In addition, when t → 0, exp(−(µ − λ(p, t))t) → 1

and thus (µ− λ(p, t)) exp(−(µ− λ(p, t))t) ≥ βt/(βrρ), which means ξ|t→0 ≥ 0.

These results imply that we can find at least one solution satisfying ξ = 0. Hence, there is

at least one solution for the first order condition dλ(p, t)/dt = 0. For any such solution t and

µ ≥ S̄Λ + βt/(βrρ), we compute the second-order derivatives of λ(p, t) w.r.t. t as

∂2λ(p, t)

∂t2

∣∣∣∣
∂λ(p,t)
∂t

=0

= − βtλ(p, t)(Λ− λ(p, t))(µ− λ(p, t))

βrρtλ(p, t)(Λ− λ(p, t)) exp(−(µ− λ(p, t))t) + ωθΛ
< 0.

The above implies that, ∀p, Π(p, t) is a unimodal function of t with a unique optimal solution t∗(p)

that can be obtained by solving the following equation for t: βrρ(µ−λ(p, t)) exp(−(µ−λ(p, t))t) = βt.

That is, there is a unique solution for the first order condition if µ ≥ S̄Λ + βt/(βrρ).

Next, we find the optimal price for the two scenarios: (1) µ < S̄Λ + βt/(βrρ) and (2) µ ≥
S̄Λ + βt/(βrρ). For scenario (1), t∗(p) = t, λ(p, t∗(p)) = λ(p, t), q = 1 − exp(−(µ − λ(p, t))t),

and V = α + βrρ[1 − exp(−(µ − λ(p, t))t)] + βrδ2 − p − βtt. We use t to replace t in Π(p, t) =

λ(p, t, φ)(p− bφ− c), and compute the first- and second-order derivatives of Π(p) w.r.t. p as

∂Π(p)

∂p
=
∂λ(p, t)

∂p
(p− bφ− c) + λ(p, t) and

∂2Π(p)

∂p2
=
∂2λ(p, t)

∂p2
(p− bφ− c) + 2

∂λ(p, t)

∂p
.

Partially differentiating V once w.r.t. p, we find

∂V

∂p
= −1− tβrρ exp(−(µ− λ(p, t))t)

∂λ(p, t)

∂p
,

∂2V

∂p2
= −tβrρ exp(−(µ− λ(p, t))t)

∂2λ(p, t)

∂p2
− t2βrρ exp(−(µ− λ(p, t))t)

(
∂λ(p)

∂p

)2
.

Similarly, we compute the first- and second-order derivatives of K (replacing t by t) w.r.t. p as
∂K

∂p
=

ωθΛ

λ(p, t)(Λ− λ(p, t))

∂λ(p, t)

∂p
,

∂2K

∂p2
=

ωθΛ

λ(p, t)(Λ− λ(p, t))

∂2λ(p, t)

∂p2
+ ωθ

[
− 1

(λ(p, t))2
+

1

(Λ− λ(p, t))2

](
∂λ(p, t)

∂p

)2
.
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Solving ∂V/∂p = ∂K/∂p gives

∂λ(p, t)

∂p
= − λ(p, t)(Λ− λ(p, t))

βrtρλ(p, t)(Λ− λ(p, t)) exp(−(µ− λ(p, t))t) + ωθΛ
.

We also solve ∂2V/∂p2 = ∂2K/∂p2 to find

∂2λ(p, t)

∂p2
=

(
∂λ(p, t)

∂p

)3{
t2βrρ exp(−(µ− λ(p, t))t) + ωθ

[
1

(Λ− λ(p, t))2
− 1

(λ(p, t))2

]}
.

Using ∂λ(p)/∂p and ∂2λ(p)/∂p2, we can rewrite ∂Π(p)/∂p and ∂2Π(p)/∂p2 as

∂Π(p)

∂p
= −λ(p, t)

(Λ− λ(p, t))(p− bφ− c)− βrtρλ(p, t)(Λ− λ(p, t)) exp(−(µ− λ(p, t))t)− ωθΛ
βrtρλ(p, t)(Λ− λ(p, t)) exp(−(µ− λ(p, t))t) + ωθΛ

.

The first order condition (i.e., ∂Π(p)/∂p = 0) is (Λ − λ(p, t))(p − bφ − c) = βrtρλ(p, t)(Λ −
λ(p, t)) exp(−(µ− λ(p, t))t) + ωθΛ and, at any point where ∂Π(p)/∂p = 0, we have that

∂2Π(p)

∂p2

∣∣∣∣
∂Π(p)
∂p

=0

=
∂2λ(p, t)

∂p2
(p− bφ− c) + 2

∂λ(p, t)

∂p

=
∂λ(p, t)

∂p

{
(λ(p, t))2t2βrρ exp(−(µ− λ(p, t))t)

p− c

+
ωθ(λ(p, t))2

(p− bφ− c)(Λ− λ(p, t))2
+

2(p− bφ− c)− ωθ
p− bφ− c

}
< 0.

Therefore, the optimal price p∗ is found as in (5).

Next, we find the optimal price for scenario (ii). As t∗(p) is the unique solution of βrρ(µ −
λ(p, t)) exp(−(µ − λ(p, t))t) = βt, we let λ(p) ≡ λ(p, t∗(p)) and rewrite the delivery reliability

as q = 1 − exp(−(µ − λ(p))t∗(p)) = 1 − βt/[βrρ(µ − λ(p))]. Then, we can rewrite V as V =

α+ βr(ρ+ δ2)− p− βt/[µ− λ(p)]− βtt∗(p). Substituting t∗(p) into the firm’s profit function gives
Π(p) ≡ Π(t∗(p), p) = λ(p)(p− bφ− c). Partially differentiating V once w.r.t. p, we have

∂V

∂p
= −1− βt

(µ− λ(p))2
∂λ(p)

∂p
− βt

∂t∗(p)

∂p
.

To find ∂t∗(p)/∂p, we take the first-order partial derivative of two sides in (6) w.r.t. p, and solve

the resulting equation for ∂t∗(p)/∂p as

∂t∗(p)

∂p
=
t∗(p)(µ− λ(p))− 1

(µ− λ(p))2
∂λ(p)

∂p
.

We then rewrite ∂V/∂p as
∂V

∂p
= −1− βtt

∗(p)

µ− λ(p)

∂λ(p)

∂p
,

and also compute

∂2V

∂p2
= − βtt

∗(p)

µ− λ(p)

∂2λ(p)

∂p2
− 2βtt

∗(p)(µ− λ(p))− βt
(µ− λ(p))3

(
∂λ(p)

∂p

)2
.
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Similarly, we compute the first- and second-order derivatives of K = Ve + ωθ[ln(λ(p, t)) − ln(Λ −
λ(p, t))] w.r.t. p as

∂K

∂p
=

ωθΛ

λ(p)(Λ− λ(p))

∂λ(p)

∂p
,

∂2K

∂p2
=

ωθΛ

λ(p)(Λ− λ(p))

∂2λ(p)

∂p2
+ ωθ

[
− 1

(λ(p))2
+

1

(Λ− λ(p))2

](
∂λ(p)

∂p

)2
.

Solving ∂V/∂p = ∂K/∂p gives

∂λ(p)

∂p
= − λ(p)(Λ− λ(p))(µ− λ(p))

ωθΛ(µ− λ(p)) + βtt
∗(p)λ(p)(Λ− λ(p))

.

We also solve ∂2V/∂p2 = ∂2K/∂p2 to find

∂2λ(p)

∂p2
=

(
∂λ(p)

∂p

)3 [ βt
(µ− λ(p))2

(
2t∗(p)− 1

µ− λ(p)

)
− ωθ

(λ(p))2
+

ωθ
(Λ− λ(p))2

]
.

Using ∂λ(p)/∂p and ∂2λ(p)/∂p2, we can rewrite ∂Π(p)/∂p and ∂2Π(p)/∂p2 as

∂Π(p)

∂p
= λ(p)

βtt
∗(p)λ(p)(Λ− λ(p)) + ωθΛ(µ− λ(p))− (µ− λ(p))(Λ− λ(p))(p− bφ− c)

ωθΛ(µ− λ(p)) + βtt
∗(p)λ(p)(Λ− λ(p))

.

The first order condition (i.e., ∂Π(p)/∂p = 0) is βtt
∗(p)λ(p)(Λ − λ(p)) + ωθΛ(µ − λ(p)) = (µ −

λ(p))(Λ− λ(p))(p− bφ− c) and, at any point where ∂Π(p)/∂p = 0,

∂2Π(p)

∂p2

∣∣∣∣
∂Π(p)
∂p

=0

=
∂2λ(p)

∂p2
(p− bφ− c) + 2

∂λ(p)

∂p

= (p− bφ− c)
(
∂λ(p)

∂p

)3 [ βt
(µ− λ(p))2

(
2t∗(p)− 1

µ− λ(p)

)
+

ωθ
(Λ− λ(p))2

]
+

2(p− bφ− c)− ωθ
p− bφ− c

∂λ(p)

∂p
.

Noting that (7) implies that ∂λ(p)/∂p < 0 and that

p− bφ− c =
βtt
∗(p)λ(p)

µ− λ(p)
+

ωθΛ

Λ− λ(p)
>

ωθΛ

Λ− λ(p)
> ωθ,

we find that, if t∗(p) > µ− λ(p), then

∂2Π(p)

∂p2

∣∣∣∣
∂Π(p)
∂p

=0

< 0,

which means that Π(p) is strictly concave function of p. We thus prove this lemma.

Proof of Lemma 2. The first-order derivative of λ∗(φ) = λ(p∗(φ), t∗(φ), φ) in (4) w.r.t. ωθ is

∂λ∗(φ)

∂ωθ
= − Λ exp[−(V − Ve)/ωθ]

{1 + exp[−(V − Ve)/ωθ]}2

[
− 1

ωθ

∂V

∂ωθ
+
V − Ve
ω2θ

]
=

λ∗(φ)(Λ− λ∗(φ))

Λ

(
1

ωθ

∂V

∂ωθ
− V − Ve

ω2θ

)
. (19)
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To find ∂λ∗(φ)/∂ωθ, we differentiate V = α− p∗(φ) + βr(ρq
∗(φ) + δ2)− βtt∗(φ) once w.r.t. ωθ, as

∂V

∂ωθ
= −∂p

∗(φ)

∂ωθ
+ βrρ

∂q∗(φ)

∂ωθ
− βt

∂t∗(φ)

∂ωθ
,

where ∂q∗(φ)/∂ωθ is given as in (8). We differentiate both sides of the equation βrρ(µ−λ(p, t)) exp(−(µ−
λ(p, t))t) = βt in (6) once w.r.t. ωθ, and obtain

βrρ exp(−(µ− λ∗(φ))t∗(φ))

[
∂λ∗(φ)

∂ωθ
[t∗(φ)(µ− λ∗(φ))− 1]− (µ− λ∗(φ))2

∂t∗(φ)

∂ωθ

]
= 0.

Because βrρ exp(−(µ− λ∗(φ))t∗(φ)) > 0, we have

(µ− λ∗(φ))2
∂t∗(φ)

∂ωθ
= [t∗(φ)(µ− λ∗(φ))− 1]

∂λ∗(φ)

∂ωθ
,

or,
∂t∗(φ)

∂ωθ
=
t∗(φ)(µ− λ∗(φ))− 1

(µ− λ∗(φ))2
∂λ∗(φ)

∂ωθ
,

which implies that ∂t∗(φ)/∂ωθ and ∂λ∗(φ)/∂ωθ have the same sign.

We compute the first-order derivative of p∗(φ) in (7) w.r.t. ωθ as

∂p∗(φ)

∂ωθ
= b

∂φ

∂ωθ
+

βtλ
∗(φ)

µ− λ∗(φ)

∂t∗(φ)

∂ωθ
+
∂λ∗(φ)

∂ωθ

[
βtt
∗(φ)µ

(µ− λ∗(φ))2
+

ωθΛ

(Λ− λ∗(φ))2

]
.

Together with the definition of ωθ this yields ∂φ/∂ωθ = −ωθ/[(βrδ1)2φ] and allows us to rewrite

∂p∗(φ)/∂ωθ as

∂p∗(φ)

∂ωθ
= − bωθ

(βrδ1)
2φ

+
∂λ∗(φ)

∂ωθ

[
βtλ
∗(φ)[t∗(φ)(µ− λ∗(φ))− 1]

(µ− λ∗(φ))3
+

βtt
∗(φ)µ

(µ− λ∗(φ))2
+

ωθΛ

(Λ− λ∗(φ))2

]
,

which indicates that if ∂λ∗(φ)/∂ωθ ≤ 0, then ∂p∗(φ)/∂ωθ < 0; but, if ∂λ∗(φ)/∂ωθ > 0, then

∂p∗(φ)/∂ωθ may be positive or may be negative.

Using the expressions of ∂p∗(φ)/∂ωθ, ∂q∗(φ)/∂ωθ, and ∂t∗(φ)/∂ωθ, we find

∂V

∂ωθ
=

bωθ
(βrδ1)

2φ
− ∂λ∗(φ)

∂ωθ

[
2βtt

∗(φ)µ(µ− λ∗(φ))− βtλ∗(φ)

(µ− λ∗(φ))3
+

ωθΛ

(Λ− λ∗(φ))2

]
. (20)

We rewrite (19) to obtain

∂V

∂ωθ
=
∂λ∗(φ)

∂ωθ

ωθΛ

λ∗(φ)(Λ− λ∗(φ))
+
V − Ve
ωθ

, (21)

and using the RHS of the above equation to replace ∂V/∂ωθ in (20) yields

∂λ∗(φ)

∂ωθ

[
βt

2t∗(φ)µ(µ− λ∗(φ))− λ∗(φ)

(µ− λ∗(φ))3
+

ωθΛ
2

λ∗(φ)(Λ− λ∗(φ))2

]
=

bωθ
(βrδ1)

2φ
− V − Ve

ωθ
, (22)

where 2t∗(φ)µ(µ − λ∗(φ)) − λ∗(φ) > 0, because t(µ − λ∗(φ)) > 1. It thus follows that the sign of
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∂λ∗(φ)/∂ωθ depends on the sign of

bωθ
(βrδ1)

2φ
− V − Ve

ωθ
.

We also differentiate the firm’s expected profit Π∗(φ) = Π(p∗(φ), t∗(φ), φ) once w.r.t. ωθ:

∂Π∗(φ)

∂ωθ
=
∂λ∗(φ)

∂ωθ
(p∗(φ)− bφ− c) + λ∗(φ)

(
∂p∗(φ)

∂ωθ
− b ∂φ

∂ωθ

)
=
∂λ∗(φ)

∂ωθ
(p∗(φ)− bφ− c) + λ∗(φ)

∂p∗(φ)

∂ωθ
+ λ∗(φ)

bωθ
βrφ

=
∂λ∗(φ)

∂ωθ
×
{
p∗(φ)− bφ− c+

βt(λ
∗(φ))2[t∗(φ)(µ− λ∗(φ))− 1]

(µ− λ∗(φ))3

+
βtt
∗(φ)µλ∗(φ)

(µ− λ∗(φ))2
+

ωθΛλ
∗(φ)

(Λ− λ∗(φ))2

}
=
∂λ∗(φ)

∂ωθ
×
{
βt(λ

∗(φ))2[t∗(φ)(µ− λ∗(φ))− 1]

(µ− λ∗(φ))3

+
βtt
∗(φ)µλ∗(φ)

(µ− λ∗(φ))2
+
βtt
∗(φ)λ∗(φ)

µ− λ∗(φ)
+

ωθΛ
2

(Λ− λ∗(φ))2

}
,

which shows that, as the terms in the curly bracket are all positive, ∂Π∗(φ)/∂ωθ and ∂λ∗(φ)/∂ωθ

have an identical sign. Because, as shown above, the sign of ∂λ∗(φ)/∂ωθ is the same as the sign of

bωθ/[(βrδ1)
2φ]− (V − Ve)/ωθ, we find that, when the inequality in (9) is satisfied, ∂λ∗(φ)/∂ωθ ≥ 0

and thus, ∂Π∗(φ)/∂ωθ ≥ 0 and ∂t∗(φ)/∂ωθ ≥ 0. As ∂φ/∂ωθ = −ωθ/[(βrδ1)2φ] < 0, we find that

∂λ∗(φ)/∂φ ≤ 0, ∂Π∗(φ)/∂φ ≤ 0, and ∂t∗(φ)/∂φ ≤ 0, as indicated in the first item of this lemma.

Next, we analyze the impact of φ on the expected ratings. Using (2), we find E(R∗) = ρq∗(φ) +

E(X) = ρq∗(φ) + δ1γ(1− φ) + δ2, and compute

∂E(R∗)

∂ωθ
= − βt

βrρ(µ− λ∗(φ))2
∂λ∗(φ)

∂ωθ
+

γωθ

β2rδ1φ
.

Thus, if the inequality in (9) is not satisfied, then ∂λ∗(φ)/∂ωθ < 0 and as ∂φ/∂ωθ < 0, ∂λ∗(φ)/∂φ =

∂λ∗(φ)/∂ωθ×∂ωθ/∂φ > 0 and ∂E(R∗)/∂φ = ∂E(R∗)/∂ωθ×∂ωθ/∂φ < 0. Otherwise, ∂λ∗(φ)/∂φ < 0

and ∂E(R∗)/∂φ may be non-negative, which depends on the comparison between −∂λ∗(φ)/∂ωθ ×
βt/[ρ(µ− λ∗(φ))2] and γωθ/(βrδ1φ).

Moreover, according to (20), we find that if ∂λ∗(φ)/∂φ ≥ 0, then we must have ∂V/∂φ < 0.

Then, using (21), we have V > Ve. We thus prove this lemma.

Proof of Theorem 1. We denote the difference between the LHS and RHS of (9) by

h(φ) ≡ bωθ
(βrδ1)

2φ
− V − Ve

ωθ
.

Because limφ→0 h(φ) = +∞, we consider the following two cases only:
1. Case 1: ∀φ ∈ [0, 1], h(φ) ≥ 0 or the condition in (9) is always satisfied. In this case, the firm’s

expected profit is decreasing in φ and thus, φ∗ = 0.

2. Case 2: there exists one point φ0 ∈ [0, 1) such that h(φ0) < 0 but h(φ) ≥ 0 for φ ∈ [0, φ0).

That is, there exists a suffi ciently small, positive number φ0 such that h(φ) ≥ 0 for φ ∈ [0, φ0).

As we already have the optimal solution for Case 1, we next conduct our analysis for Case 2.
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Note that, for Case 2, φ0 6= 1 because, otherwise, if φ0 = 1, then h(φ) ≥ 0, ∀φ ∈ [0, 1] and thus

Case 2 is identical to Case 1. Hence, for Case 2, h(φ) < 0 at point φ = φ0 6= 1. This implies that

V > Ve, because bωθ/[(βrδ1)
2φ] > 0. We differentiate h(φ) once w.r.t. ωθ and find

∂h(φ)

∂ωθ
=

bω2θ
(βrδ1)

4φ3
+

b

(βrδ1)
2φ
− ∂λ∗(φ)

∂ωθ

Λ

λ∗(φ)(Λ− λ∗(φ))
, (23)

where an expression for ∂λ∗(φ)/∂ωθ is given as in (19) in the proof of Lemma 2. We consider the

following two possibilities.

1. If, at point φ = φ0, ∂λ
∗(φ)/∂ωθ ≤ 0, then ∂h(φ)/∂ωθ > 0 when φ = φ0.

2. If, at point φ = φ0, ∂λ
∗(φ)∂ωθ > 0, we need to analyze the RHS of (23). We find from

equation (22) in the proof of Lemma 2 that

∂λ∗(φ)

∂ωθ

[
βt

2t∗(φ)µ(µ− λ∗(φ))− λ∗(φ)

(µ− λ∗(φ))3
+

ωθΛ
2

λ∗(φ)(Λ− λ∗(φ))2

]
=

bωθ
(βrδ1)

2φ
− V − Ve

ωθ
,

which can be rewritten as

b

(βrδ1)
2φ
− ∂λ

∗(φ)

∂ωθ

Λ2

λ∗(φ)(Λ− λ∗(φ))2
=
∂λ∗(φ)

∂ωθ

βt
ωθ

2t∗(φ)µ(µ− λ∗(φ))− λ∗(φ)

(µ− λ∗(φ))3
+
V − Ve
ω2θ

> 0,

where the last inequality follows the conditions: (i) V ≥ Ve, (ii) ∂λ∗(φ)/∂ωθ > 0, and (iii)

2t∗(φ)µ(µ− λ∗(φ))− λ∗(φ) > 0 because t(µ− λ∗(φ)) > 1 and 2µ > λ.

In addition, as ∂λ∗(φ)/∂ωθ > 0 and Λ > Λ− λ∗(φ), we have

b

(βrδ1)
2φ
− ∂λ∗(φ)

∂ωθ

Λ

λ∗(φ)(Λ− λ∗(φ))
>

b

(βrδ1)
2φ
− ∂λ∗(φ)

∂ωθ

Λ2

λ∗(φ)(Λ− λ∗(φ))2
> 0.

Thus, we find from (23) that

∂h(φ)

∂ωθ
=

bω2θ
(βrδ1)

4φ3
+

b

(βrδ1)
2φ
− ∂λ∗(φ)

∂ωθ

Λ

λ∗(φ)(Λ− λ∗(φ))
> 0.

The above results indicate that, at point φ = φ0, h(φ) is increasing in ωθ, or, h(φ) is decreasing

in φ because ∂φ/∂ωθ < 0, i.e.,
∂h(φ)

∂φ

∣∣∣∣
φ=φ0

< 0. (24)

We claim that h(φ) < 0 for all values of φ in [φ0, 1]. Suppose this is not the case. Then, let

φ̂ = min{φ : φ ∈ (φ0, 1), h(φ) ≥ 0}. Then, because of continuity of h(φ), there must exist a

φ̃ ∈ (φ0, φ̂) such that
∂h(φ)

∂φ

∣∣∣∣
φ=φ̃

≥ 0.

However, this cannot happen because, by definition, h(φ̃) < 0, from which we can conclude that

∂h(φ)

∂φ

∣∣∣∣
φ=φ̃

< 0,

along similar lines of proof that we derived (24). This proves the claim.

It follows that, if the firm’s expected profit Π∗(φ) is increasing in φ when φ = φ0, then Π∗(φ)
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is increasing in φ for all values of φ in [φ0, 1]. Furthermore, if Π∗(φ) increases with φ at point

φ′ ∈ [0, 1], then Π∗(φ) is increasing in any value of φ ∈ (φ′, 1]. We can thus conclude that it

is impossible for Π∗(φ) to be a unimodal function with a single maximum point. That is, Π∗(φ)

cannot first monotonically increase until φ = φ′ ∈ [0, 1) and then monotonically decrease when

φ > φ′.

As limφ→0 h(φ) > 0, Π∗(φ) is a monotonically decreasing when φ is suffi ciently small in the

range (0, 1). Hence, Π∗(φ) (for φ ∈ [0, 1]) has two possible shapes: (1) Π∗(φ) is monotonically

decreasing in φ, and (2) Π∗(φ) is a reverse unimodal function with a single minimum point that

first monotonically decreases until φ = φ′ ∈ [0, 1] and then monotonically increases when φ > φ′.

Thus, the optimal decision φ∗ must be one of end points (0 and 1). Specifically, since h(φ) is always

decreasing in φ, we find that, if h(1) ≥ 0, then h(φ)|φ∈[0,1] ≥ 0 and thus, Π∗(φ) is decreasing in

φ ∈ [0, 1]. That is, if h(1) ≥ 0, then the firm’s optimal decision is φ∗ = 0. Let V1 ≡ V |φ=1. Because

h(1) = lim
φ→1

(
bωθ

(βrδ1)
2φ
− V − Ve

ωθ

)
=

bωY
(βrδ1)

2
− V1 − Ve

ωY
,

we conclude that if the condition in (12) is satisfied, then h(1) ≥ 0 and φ∗ = 0.

Otherwise, if the condition in (12) does not hold, i.e., h(1) < 0, then there exists one point

φ0 ∈ [0, 1] such that h(φ) ≥ 0 for φ ∈ (0, φ0] but h(φ) < 0 for φ ∈ (φ0, 1]. For this case, Π∗(φ)

decreases with φ over the range (0, φ0] but Π∗(φ) increases with φ over the range (φ0, 1]. Hence, the

optimal decision is φ∗ = 1 if Π∗(1) ≥ Π∗(0) and φ∗ = 0 otherwise. This proves the theorem.

Proof of Corollary 1. We analyze the impact of βt for φ
∗ = 1 and φ∗ = 0. For the case φ∗ = 1,

we differentiate the two sides of the expression (6) at t∗1 ≡ t∗|φ∗=1 once w.r.t. βt, and obtain

∂t∗1
∂βt

=
∂λ∗1
∂βt

(
t∗1

µ− λ∗1
− 1

(µ− λ∗1)2

)
− 1

βt(µ− λ∗1)
, (25)

where λ∗1 ≡ λ∗|φ∗=1. Then, differentiating λ∗1 once w.r.t. βt yields

∂λ∗1
∂βt

=
λ∗1
ωY

Λ− λ∗1
Λ

[
−∂p

∗
1

∂βt
+ βrρ

∂q∗1
∂βt
− t∗1 − βt

∂t∗1
∂βt

]
, (26)

where p∗1 ≡ p∗|φ∗=1 and q∗1 ≡ q∗|φ∗=1. Taking the first-order derivative of q∗1 w.r.t. βt gives

∂q∗1
∂βt

= −(1− q∗1)
[
−(µ− λ∗1)

∂t∗1
∂βt

+ t∗1
∂λ∗1
∂βt

]
.

Using (25), we reduce the above expression of ∂q∗1/∂βt to

∂q∗1
∂βt

= −(1− q∗1)
[
∂λ∗1
∂βt

1

µ− λ∗1
+

1

βt

]
. (27)

Differentiating p∗1 w.r.t. βt gives

∂p∗1
∂βt

=
βtλ
∗
1t
∗
1

µ− λ∗1

(
1

βt
+

1

µ− λ∗1
∂λ∗1
∂βt

)
+

βtλ
∗
1

µ− λ∗1
∂t∗1
∂βt

+
βtt
∗
1

µ− λ∗1
∂λ∗1
∂βt

+
ΛωY

(Λ− λ∗1)2
∂λ∗1
∂βt

=
λ∗1t
∗
1

µ− λ∗1
+
∂t∗1
∂βt

βtλ
∗
1

µ− λ∗1
+
∂λ∗1
∂βt

[
βtt
∗
1µ

(µ− λ∗1)2
+

ΛωY
(Λ− λ∗1)2

]
. (28)
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Using (25), (27), and (28), we rewrite (26) as

∂λ∗1
∂βt

= −λ
∗
1(Λ− λ∗1)

ΛωY

{
∂λ∗1
∂βt

[
ΛωY

(Λ− λ∗1)2
+
βrρ(1− q∗1) + βtt

∗
1

µ− λ∗1

]
+
βr
βt
ρ(1− q∗1) +

(
1 +

∂λ∗1
∂βt

βt
µ− λ∗1

)(
1 +

λ∗1
µ− λ∗1

)(
t∗1 −

1

µ− λ∗1

)}
. (29)

If ∂λ∗1/∂βt ≥ 0, then the RHS of (29) is negative because 1 > q∗1 and t
∗
1 ≥ 1/(µ−λ∗1). As a result, the

equation in (29) does not hold. That is, ∂λ∗1/∂βt ≥ 0 is impossible. It thus follows that ∂λ∗1/∂βt < 0.

According to (25), we also have ∂t∗1/∂βt < 0. However, we find from (27) that ∂q∗1/∂βt ≥ 0 if

∂λ∗1
∂βt

1

µ− λ∗1
+

1

βt
≤ 0, or, − ∂λ∗1/λ

∗
1

∂βt/βt
≥ µ− λ∗1

λ∗1
,

and ∂q∗1/∂βt < 0 otherwise. Moreover, ∂p∗1/∂βt ≥ 0 if

λ∗1t
∗
1

µ− λ∗1
≥ − ∂t

∗
1

∂βt

βtλ
∗
1

µ− λ∗1
− ∂λ∗1
∂βt

[
βtt
∗
1µ

(µ− λ∗1)2
+

ΛωY
(Λ− λ∗1)2

]
.

and ∂p∗1/∂βt < 0 otherwise.

We take the first-order derivative of Π∗1 ≡ Π∗|φ∗=1 w.r.t. βt and find

∂Π∗1
∂βt

=
(λ∗1)

2t∗1
µ− λ∗1

+
∂λ∗1
∂βt

[
p∗1 − b− c+

βtλ
∗
1t
∗
1µ

(µ− λ∗1)2
+

Λλ∗1ωY
(Λ− λ∗1)2

]
+
∂t∗1
∂βt

βt(λ
∗
1)
2

µ− λ∗1
.

Hence, ∂Π∗1/∂βt ≥ 0 if

(λ∗1)
2t∗1

µ− λ∗1
≥ −∂λ

∗
1

∂βt

[
p∗1 − b− c+

βtλ
∗
1t
∗
1µ

(µ− λ∗1)2
+

Λλ∗1ωY
(Λ− λ∗1)2

]
− ∂t∗1
∂βt

βt(λ
∗
1)
2

µ− λ∗1
,

and ∂Π∗1/∂βt < 0 otherwise. To derive meaning implications from the above results, we simplify

them to find that ∂p∗1/∂βt < 0 and ∂Π∗1/∂βt < 0 if

λ∗1t
∗
1

µ− λ∗1
≤ − ∂t

∗
1

∂βt

βtλ
∗
1

µ− λ∗1
, or, − ∂t∗1/t

∗
1

∂βt/βt
≥ 1.

Following a similar process, we obtain the impacts of βt for φ
∗ = 0. The proof is complete.

Proof of Corollary 2. For φ∗ = 1, we differentiate both sides of expression (6) w.r.t. βr and

obtain
∂t∗1
∂βr

(µ− λ∗1) =
1

βr
+
∂λ∗1
∂βr

(
t∗1 −

1

µ− λ∗1

)
. (30)

We then compute the first-order derivative of λ∗1 w.r.t. βr and find

∂λ∗1
∂βr

=
λ∗1
ωY

Λ− λ∗1
Λ

(
−∂p

∗
1

∂βr
+ ρq∗1 + δ2 + βrρ

∂q∗1
∂βr
− βt

∂t∗1
∂βr

)
. (31)

Taking the first-order derivative of q∗1 in (1) w.r.t. βr and using (6) and (30) to simplify it yields

∂q∗1
∂βr

=
βt
βrρ

(
∂t∗1
∂βr
− t∗1
µ− λ∗1

∂λ∗1
∂βr

)
=

βt
βrρ(µ− λ∗1)

(
1

βr
− ∂λ∗1
∂βr

1

µ− λ∗1

)
,
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which is non-negative when

1

βr
− ∂λ∗1
∂βr

1

µ− λ∗1
≥ 0, or,

∂λ∗1/λ
∗
1

∂βr/βr
≤ µ− λ∗1

λ∗1
.

Also, we differentiate p∗1 once w.r.t. βr and obtain

∂p∗1
∂βr

=
βtλ
∗
1

βr(µ− λ∗1)2
+
∂λ∗1
∂βr

[
βtλ
∗
1t
∗
1

µ− λ∗1
+

2βtλ
∗
1t
∗
1

(µ− λ∗1)2
− βtλ

∗
1

(µ− λ∗1)3
+

ΛωY
(Λ− λ∗1)2

]
.

We then use the above results to rewrite ∂λ∗1/∂βr in (31) as

∂λ∗1
∂βr

=
λ∗1(Λ− λ∗1)

ωY Λ

{
ρ+ δ2 −

βtµ

βr(µ− λ∗1)2
− ∂λ∗1
∂βr

[
βtλ
∗
1t
∗
1

µ− λ∗1
+

βtt
∗
1

µ− λ∗1

+
2βtλ

∗
1t
∗
1

(µ− λ∗1)2
− βtλ

∗
1

(µ− λ∗1)3
+

ΛωY
(Λ− λ∗1)2

]}
. (32)

If ρ+ δ2 ≤ βtµ/[βr(µ− λ∗1)2], or,

q∗1 ≤
βtλ
∗
1 − βrδ2(µ− λ∗1)2

βtµ− βrδ2(µ− λ∗1)2
,

then ∂λ∗1/∂βr ≤ 0. Otherwise, ∂λ∗1/∂βr may be positive. In particular, when the expected delivery

time 1/(µ− λ∗) is negligibly short, i.e., 1/(µ− λ∗) → 0, in (32) we can remove all terms involving

1/(µ− λ∗). As a result, (32) can be reduced to

∂λ∗1
∂βr

=
λ∗1(Λ− λ∗1)

ωY Λ

[
ρ+ δ2 −

∂λ∗1
∂βr

ΛωY
(Λ− λ∗1)2

]
=
λ∗1(Λ− λ∗1)

ωY Λ
(ρ+ δ2)−

∂λ∗1
∂βr

λ∗1
Λ− λ∗1

,

which can be rewritten as
∂λ∗1
∂βr

=
λ∗1(Λ− λ∗1)2

ωY Λ2
(ρ+ δ2) > 0.

We take the first-order derivative of Π∗1 w.r.t. βr and find

∂Π∗1
∂βr

=
βt(λ

∗
1)
2

βr(µ− λ∗1)2
+
∂λ∗1
∂βr

[
p∗1 − b− c+

βt(λ
∗
1)
2t∗1

µ− λ∗1
+

2βt(λ
∗
1)
2t∗1

(µ− λ∗1)2
− βt(λ

∗
1)
2

(µ− λ∗1)3
+

λ∗1ΛωY
(Λ− λ∗1)2

]
,

which means ∂Π∗1/∂βr ≥ 0 if ∂λ∗1/∂βr ≥ 0.

The analyses for φ∗ = 0 are similar to those for φ∗ = 1. We differentiate λ∗0 ≡ λ∗|φ∗=0 once
w.r.t. βr and get

∂λ∗0
∂βr

=
λ∗0(Λ− λ∗0)

Λ
√

(βrδ1)
2 + ω2Y

{
ρ+ δ2 −

βtµ

βr(µ− λ∗0)2
− ∂λ∗0
∂βr

[
βtλ
∗
0t
∗
0

µ− λ∗0
+

βtt
∗
0

µ− λ∗0
+

2βtλ
∗
0t
∗
0

(µ− λ∗0)2

− βtλ
∗
0

(µ− λ∗0)3
+

Λ
√

(βrδ1)
2 + ω2Y

(Λ− λ∗0)2
+
βrδ1(V0 − Ve)
(βrδ1)

2 + ω2Y

− λ∗0βrδ1
(βrδ1)

2 + ω2Y
,
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where t∗0 ≡ t∗|φ∗=0. Taking the first-order derivative of p∗0 ≡ p∗|φ∗=0 w.r.t. βr gives

∂p∗0
∂βr

=
βtλ
∗
0

µ− λ∗0
∂t∗0
∂βr

+
∂λ∗0
∂βr

 βtt
∗
0

µ− λ∗0
+

βtλ
∗
0t
∗
0

(µ− λ∗0)2
+

Λ
√

(βrδ1)
2 + ω2Y

(Λ− λ∗0)2

+
Λβrδ1

(Λ− λ∗0)
√

(βrδ1)
2 + ω2Y

.

Other derivatives are similar to those for φ∗ = 1. Using the arguments for φ∗ = 1, we produce the

results for φ∗ = 0 as shown in this corollary.

Proof of Corollary 3. For φ∗ = 1, we differentiate the two sides of the expression for t∗1 once

w.r.t. µ, and obtain
∂t∗1
∂µ

(µ− λ∗1)2 = [1− t∗1(µ− λ∗1)]
(

1− ∂λ∗1
∂µ

)
.

Then, differentiating λ∗1 once w.r.t. µ yields

∂λ∗1
∂µ

=
λ∗1
ωY

Λ− λ∗1
Λ

(
−∂p

∗
1

∂µ
+ βrρ

∂q∗1
∂µ
− βt

∂t∗1
∂µ

)
, (33)

Taking the first-order derivative of q∗1 w.r.t. µ gives

∂q∗1
∂µ

=
βt
βrρ

[
∂t∗1
∂µ

+
t∗1

µ− λ∗1

(
1− ∂λ∗1

∂µ

)]
=

βt
βrρ(µ− λ∗1)2

(
1− ∂λ∗1

∂µ

)
.

Differentiating p∗1 w.r.t. µ gives

∂p∗1
∂µ

=
βtt
∗
1

µ− λ∗1
∂λ∗1
∂µ

+
βtλ
∗
1

(µ− λ∗1)2

(
1

µ− λ∗1
− 2t∗1

)(
1− ∂λ∗1

∂µ

)
+

ΛωY
(Λ− λ∗1)2

∂λ∗1
∂µ

.

We then rewrite ∂λ∗1/∂µ in (33) as

∂λ∗1
∂µ

=
λ∗1(Λ− λ∗1)

ωY Λ
− ΛωY

(Λ− λ∗1)2
∂λ∗1
∂µ

+
βtλ
∗
1

(µ− λ∗1)2

[(
2t∗1 −

1

µ− λ∗1

)(
1− ∂λ∗1

∂µ

)
+

βtt
∗
1

µ− λ∗1

(
1− 2

∂λ∗1
∂µ

)]
,

where the RHS is positive if the LHS (i.e., ∂λ∗1/∂µ ≤ 0). That is, ∂λ∗1/∂µ > 0. Moreover, if

∂λ∗1/∂µ ≥ 1, the RHS of the above equation is negative, which breaks the equation up. Therefore,

we have 0 < ∂λ∗1/∂µ < 1. As a result, ∂t∗1/∂µ < 0 and ∂q∗1/∂µ > 0.

We take the first-order derivative of Π∗1 w.r.t. µ and find

∂Π∗1
∂µ

=

[
p∗1 − b− c+

βtλ
∗
1t
∗
1

µ− λ∗1
+

Λλ∗1ωY
(Λ− λ∗1)2

]
∂λ∗1
∂µ

+
βt(λ

∗
1)
2

(µ− λ∗1)2

(
1

µ− λ∗1
− 2t∗1

)(
1− ∂λ∗1

∂µ

)
.

We can conclude that for φ∗ = 1, if the expected delivery time is suffi ciently short, then both ∂p∗1/∂µ

and ∂Π∗1/∂µ are positive.

The analysis for φ∗ = 0 is analogous to that for φ∗ = 1. The corollary is thus proved.

Proof of Corollary 4. For φ∗ = 1, we differentiate the two sides of the expression for t∗1 once

w.r.t. ωY , and have
∂t∗1
∂ωY

(µ− λ∗1)2 = [t∗1(µ− λ∗1)− 1]
∂λ∗1
∂ωY

.
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Then, differentiating λ∗1 once w.r.t. ωY yields

∂λ∗1
∂ωY

=
λ∗1
ωY

(Λ− λ∗1)
Λ

(
− ∂p∗1
∂ωY

+ βrρ
∂q∗1
∂ωY

− βt
∂t∗1
∂ωY

+
V1 − Ve
ωY

)
. (34)

Taking the first-order derivative of q∗1 w.r.t. ωY gives

∂q∗1
∂ωY

= − βt
βrρ(µ− λ∗1)

[
−(µ− λ∗1)

∂t∗1
∂ωY

+
∂λ∗1
∂ωY

t∗1

]
= − βt

βrρ(µ− λ∗1)2
∂λ∗1
∂ωY

.

Differentiating p∗1 w.r.t. ωY gives

∂p∗1
∂ωY

=
Λ

Λ− λ∗1
+
∂λ∗1
∂ωY

[
βtλ
∗
1

(µ− λ∗1)2

(
2t∗1 −

1

µ− λ∗1

)
+

βtt
∗
1

µ− λ∗1
+

ΛωY
(Λ− λ∗1)2

]
.

Using the above to simplify ∂λ∗1/∂ωY gives

∂λ∗1
∂ωY

=
λ∗1
ωY

(Λ− λ∗1)
Λ

{
βrδ2 +

V1 − Ve
ωY

− Λ

Λ− λ∗1

− ∂λ
∗
1

∂ωY

[
βtλ
∗
1

(µ− λ∗1)2

(
2t∗1 −

1

µ− λ∗1

)
+

2βtt
∗
1

µ− λ∗1
+

ΛωY
(Λ− λ∗1)2

]}
. (35)

We can then use the expression of λ∗1 to find that

Λ

Λ− λ∗1
=

Λ

λ∗1
exp

(
V1 − Ve
ωY

)
> exp

(
V1 − Ve
ωY

)
,

which implies
V1 − Ve
ωY

>
Λ

Λ− λ∗1
.

Therefore, ∂λ∗1/∂ωY ≥ 0, because the equation in (35) does not hold if ∂λ∗1/∂ωY < 0. Hence,

∂t∗1/∂ωY ≥ 0, ∂p∗1/∂ωY ≥ 0, and ∂q∗1/∂ωY ≤ 0. We also differentiate Π∗1 once w.r.t. ωY and have

∂Π∗1
∂ωY

=
Λλ∗1

Λ− λ∗1
+
∂λ∗1
∂ωY

[
p∗1 − b− c+

βt(λ
∗
1)
2

(µ− λ∗1)2

(
2t∗1 −

1

µ− λ∗1

)
+
βtλ
∗
1t
∗
1

µ− λ∗1
+

Λλ∗1ωY
(Λ− λ∗1)2

]
,

which is non-negative because ∂λ∗1/∂ωY ≥ 0.

The results for φ∗ = 0 are the same as those for φ∗ = 1, because ∂
√

(βrδ1)
2 + ω2Y /∂ωY =

ωY /
√

(βrδ1)
2 + ω2Y > 0. This corollary is thus proved.

Appendix E Additional Numerical Results

We extend our numerical analyses of the baseline scenario to consider a broader set of model para-

meters and to test the robustness of the results to the assumption that Z ∼ C(φ) (which implies that

X ∼ C(φ) because δ1 = 1 and δ2 = 0). We generate data to characterize the relationship between φ

and Π∗ for different values of the parameters b, c, d, α, ρ, Ve, and the parameters already considered

in the main text (βr, βt, µ, and ωY ). This time, we evaluate the parameters at the values {0, 5, 9}
because of computational singularities with the value 10 when considering alternative distributions.

The results for Z ∼ C(φ) appear in Figure A and replicate those presented in the main text for

parameters d, βr, βt, µ, and ωY . The numerical results for the additional parameters indicate that
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profits are higher when costs (b and c) are lower, when the perceived quality of the firm’s offering

(α) is high, when the perceived value of balking (Ve) is low, and when the effect of delivery reliability

on delivery trust (ρ) is strong. The intuition behind the results for b, c, Ve, and α is self-evident.

The intuition behind the result for ρ is similar to the intuition behind the result for βr because both

parameters determine the weight of delivery reliability information in the utility function in similar

ways. In addition, we note that variation in the values of βr and ρ results in the largest variation

in profits among all parameters. This suggests that βr and ρ are the most important determinants

of profitability. This result is confirmed by an elasticity analyses (available upon request).
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Figure A: Sensitivity analyses under the assumption that Z ∼ C(φ).

The C(φ) distribution allows us to obtain closed form solutions and analytical results but it

is of interest to determine whether results hold for other popular distributions. Because closed-

form solutions do not exist for distributions other than the C(φ) distribution, we perform these

analyses numerically. We consider the cases in which Z ∼ Gumbel, Z ∼ log normal, and Z ∼
Normal because these distributions are widely used in individual-level models of demand. We use

these alternative distributions to replicate the sensitivity analyses so as to draw easily interpretable

results while considering a wide range of parameter values. To ensure comparability to the base

results obtained with the C(φ) distribution, we restrict the mean and variance of these alternative

distributions to be equal to those of the C(φ) distribution for each value of φ considered.
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Figure B: Sensitivity analyses under the assumption that Z ∼ Gumbel.

Results for the Gumbel distribution appear in Figure B and for the lognormal and normal

distributions in Figures C and D, respectively. All three figures indicate that the shapes of the

profit curves are very similar across distributions. Most importantly, the main result that only

φ = 0 or φ = 1 can be optimal holds regardless of the distributional assumption.
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Figure C: Sensitivity analyses under the assumption that Z ∼ log normal.
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Figure D: Sensitivity analyses under the assumption that Z ∼ Normal.
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