Optimal Retail Pricing, Interest Rate, and Interest Allocation Ratio Decisions

in an Online Platform-Assisted Financing System?® "

Dianyao Kang® and Mingming Leng

AucusT 2023; Revised APRIL and SEPTEMBER 2024, and JANUARY 2025
Accepted FEBRUARY 2025

Abstract

We examine an online financing system involving a platform, a bank, and a retailer, in which
the bank makes the optimal interest rate decision before the bank-platform negotiation for the
interest allocation ratio (scenario 1) or after the interest allocation ratio negotiation (scenario
2). We find that the retailer’s sales and profits in scenario 1 are higher than those in scenario
2. Moreover, if the referral fee rate increases, the system-wide profit and the system efficiency

for scenario 1 increase but those for scenario 2 decrease.

Keywords: Platform financing; Nash bargaining; sequential-move game.

1 Introduction

The growth of e-commerce has induced an increasing number of small and medium-sized enterprises
(SMEs) to use online platforms for their operational activities (Wang et al. (Wang, Fan and
Yin 2019) and Liu et al. (Liu, Shang, Wu and Chen 2020)). Recent years have witnessed that the
COVID-19 pandemic severely impacts SMEs, leaving them with depleted cash reserves. Accessing
credit has become significantly challenging due to a high demand in the credit extension sector.
Those SMEs may suffer from a shortage of working capital, as it is usually difficult for them to
obtain a loan from traditional banks due to their lack of preferred collateral, credit information, and
profitability instability (Tang et al. (Tang, Yang and Wu 2018)). Gong et al. (Gong, Liu, Liu and
Ren 2020), Zhen et al. (Zhen, Shi, Li and Zhang 2020), and Rath et al. (Rath, Basu, Mandal and
Paul 2021) have exposed that online platforms can fully grasp the information about their retail
members (e.g., consumer reviews, transaction history, and purchase records). This enables the
platforms to provide historical data to banks for their loan assessments and also assists the SMEs
with a shortage of working capital in meeting the bank’s loan requirements (Tuna and Zhu 2018).
Hence, as Yan et al. (Yan, Liu, Xu and He 2020) and Yan et al. (Yan, Zhang, Xu and Gao 2021)
discussed, the collaboration between a platform and a financing service provider is helpful to online
loan issues.

To exemplify the bank-platform cooperation for the loans to retailers, we consider DHgate . com

which is the most extensive online B2B platform in China and has been cooperating with some banks
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such as the China Construction Bank and the China Merchants Bank. Any qualified retailer who
often conducts transactions at DHgate . com can apply for a loan. DHgate. com converts the platform
data into a credit line approved by the bank. The bank then uses the retailer’s transaction data
and credit history in the platform as the basis for credit, completes independent approval, and
grants loans. Qualified retailers can obtain loans from banks with no collateral or deposit. During
the cooperation, the platform only provides a preliminary review of the retailer’s information, and
the bank conducts a final loan assessment with the retailer’s information. This practice reveals
that the platform’s sharing of the retailer’s information with the bank is the prerequisite for the
bank-platform cooperation. That is, in this paper, the platform assumes the role of information
revealing because, otherwise, the bank cannot assess the retailer’s qualification and thus cannot
cooperate with the platform for online loans.

Under the influence of COVID-19, many American banks and high technology firms have jumped
into the ring to increase lending availability. Amazon has recently collaborated with Lendistry,
a lending platform specializing in small business loans, to provide “platform assisted financing”
services by sharing the SME transaction data with Lendistry when SMEs apply for the loan on
Amazon’s platform (Leffert 2022). Amazon has also partnered with Marcus Goldman Sachs-a
leading financial services provider—for providing SMEs the loans totaling up to $1 million (Son 2020).
The partnership between Amazon and Goldman presents numerous advantages for both parties.
Offering financing options to SMEs enhances the appeal of Amazon’s marketplace, particularly
during a time when the online retail market is emerging rapidly. As for Goldman Sachs, it has
made significant progress in lending services within a short period (Pymnts 2020). Meanwhile,
Goldman also takes the plunge into cooperation with Apple to launch lending services to the App
Store’s users (Goldman 2019).

In this paper, we consider a three-firm decision-making problem involving a bank (B), an e-
commerce platform (E), and a capital-constrained retailer (R). The bank extends loan services
to the retailer who caters to price-sensitive consumers in the market. The retailer pays a loan
interest to the bank which, in turn, shares a portion of the interest with the platform based on
an interest allocation ratio, similar to the practice that Amazon secures a percentage of Marcus
Goldman Sachs’s interest income (Shevlin 2020). The interest allocation ratio is important to
achieving stability of the collaboration between the bank and the platform. It is interesting to
explore the optimal interest allocation ratio which should reflect the bargaining power between the
platform and the bank. Nonetheless, very few researchers have considered the bargaining issues in
the platform-assisted financing field. For example, Ma et al. (Ma, Dai and Li 2022) assumed that
the platform solely determines an allocation ratio to divide the loan amount (rather than the loan
interest) between the platform and the bank. In contrast, we follow the common industry practices
(by, e.g., Amazon) to compute the allocation of the loan interest. We also analyze the impact of
decision sequences on optimal decisions and profits.

Moreover, the retailer does not have any other sales channel but only sells its products on the

platform. As the platform aims to help the retailer obtain the loan from the bank, the platform



should allow the retailer to expose products to all potential consumers on the platform. Thus, in
this paper, we do not consider the platform’s role in user traffic (i.e., allowing the retailer to sell
to a larger market) and instead use a logit function to characterize the aggregate demand from all
potential consumers on the platform.

The rest of this paper is organized as follows. In Section 2 we discuss decision sequences and
profit functions. In Section 3, we analyze two three-stage scenarios to find optimal solutions. In
Section 4, we compare our analytical results for the two scenarios to find managerial implications.

We relegate our proofs to online Appendix A.

2 Decision Sequences and Profit Functions

We investigate a three-firm platform-assisted financing system, in which a retailer purchases a
product at unit acquisition cost ¢ and sells it to consumers at a retail price p on an online platform.
The p-dependent market demand for the product, denoted by D(p), is specified in a logit function
form as D(p) = exp(A\)/[1 + exp(A)], where A = o — Bp. Here, @ > 0 denotes the total potential
demand and S > 0 represents the marginal impact of the retail price. The logit demand function
has been widely used in publications relevant to online platforms; see, for example, Bapna et al.
(Bapna, Goes, Wei and Zhang 2011) and Sato (Sato 2021).

Therefore, the retailer’s total cost is ¢D(p) and the retailer’s profit (resulting from sales) is
(p—c)D(p). As an SME with a lack of working capital, the retailer secures a loan in the amount of
¢D(p) from a bank on the platform. For the loan, the retailer pays to the bank an interest amounting
to icD(p) where i represents the interest rate charged by the bank. The platform usually receives
a portion of the bank’s interest income as its commission fee. For instance, Amazon secures a
percentage of Marcus Goldman Sachs’s interest income (Shevlin 2020). We use ¢ € [0,1) to denote
the rate of the platform’s commission fee from the bank on the interest amount. The rate § is also
known as the interest allocation ratio. As the retailer’s loan interest is icD(p), the platform and
the bank obtain dicD(p) and ic(1 — §)D(p), respectively.

The above indicates the importance of the interest rate and interest allocation ratio decisions.
Accordingly, the bank and the platform determine interest rate ¢ and interest allocation ratio §,
respectively. As in practice, the bank can independently decide on the interest rate whereas the
bank and the platform usually bargain over the interest allocation ratio. Since the bank engages
in the two decision-making issues, the bank can choose the sequence of these two decisions; that is,
the bank can make a decision on whether to (1) first determine the interest rate and then negotiate
the allocation ratio with the platform or to (2) first bargain the allocation ratio with the platform
and then make its interest rate decision. Next, we specify scenarios 1 and 2 in which the retailer,
as an SME, typically assumes the role of “follower,” thus setting a retail price after the bank’s and

the platform’s decisions.

1. In scenario 1, there are three stages. In the first stage, the bank determines the interest rate

and then announces it to the platform. In the second stage, the bank and the platform play a



two-person cooperative game to bargain over the interest allocation ratio. In the third stage,

the retailer decides on a retail price.

2. In scenario 2, there are also three stages. In the first stage, the bank bargains with the
platform over the interest allocation plan. Then, the bank makes an interest rate decision in

the second stage. The retailer determines the retail price in the third stage.

If the bank chooses scenario 1, then it acts as the “leader” in the game and thus could find an
interest rate to influence the allocation ratio negotiation with an aim to benefit the bank. However,
prior to bargaining over the allocation ratio with the bank, the platform can observe the interest
rate. The platform can accordingly play a certain negotiation strategy to secure an allocation that
may not be desirable by the bank. As the bank has announced the interest rate, it cannot change
its interest rate in accordance with the platform’s negotiation strategy. Scenario 2 allows the bank
to first obtain the negotiated result for the allocation ratio and then utilize this certain information
to make the optimal interest rate decision. However, in this scenario, the bank does not hold the
“leader” position to impact the interest allocation ratio negotiation. As a result, the platform may
play a negotiation strategy to obtain a higher allocation than in scenario 1, which would lead the
bank to determine the optimal interest rate that may make the bank achieve a lower profit than in
scenario 1.

For both scenarios, in addition to loan interest icD(p) paid to the bank, for each product sold
on the platform, the retailer needs to pay a percentage of its revenue to the platform. Such payment
is known as a referral fee, for which the percentage, denoted by g € [0, 1), is called the referral fee
rate. Therefore, the retailer pays a referral fee gpD(p) to the platform. In reality, the fee rate at
the official website of major e-commerce platforms such as Amazon.com (Amazon 2023) is usually
constant for each category of products sold by all retailers on different online platforms. This fee
rate is announced in advance, and retailers who intend to enter an online platform must comply
with this fee rate. This implies that referral fee rate g could be reasonably viewed as a “standard”
in the eBusiness industry. For example, referring to the charging standards displayed on the official
website of several major e-commerce platforms in the US market, their average fee rate is around
15%. We accordingly consider g as an exogenous variable, similar to Gong et al. (Gong et al. 2020),
Zennyo (Zennyo 2020), Yi et al. (Yi, Wang and Chen 2021), and Ma et al. (Ma et al. 2022).

We can thus compute the retailer’s, the bank’s, and the platform’s expected (net) profits as
exp(A) (p — ¢ —ic — gp) exp(A) [ic(1 — 9)]

T+ exp() ; mB(p,1,0) = s TE(p,i,0) =

exp(A) (gp + dic)
1+ exp(\) '

1+ exp(A)

mr(p,i) =

Since the interest allocation ratio § is negotiated by the bank and the platform, we use the general-
ized Nash bargaining scheme (GNBS) (Nash 1950) to characterize the negotiated result. We denote
the platform’s and the bank’s relative bargaining powers by a € (0,1) and 1 — a, respectively. For
this negotiation, the disagreement points for the platform and the bank are zero, because neither

the bank nor the platform can gain any profit from the online financing system if the bank does



not provide its financing service in the platform. Thus, to find the negotiated result for scenario
j = 1,2, we need to solve the following problem: maxs;, A = (7 )%(7x2)!~%, subject to 77 > 0
and 77% > 0, where ¢, is the negotiated interest allocation ratio for scenario j, 772 and 7733 are the

platform’s and the bank’s profits for scenario j, respectively.

3 Analysis of the Online Financing System

Prior to analyzing two (decentralized) scenarios, we investigate the centralized case to find the
globally optimal decisions for the three firms, which are later compared with our decentralized

results. In the centralized case, the system-wide profit is IT (p) = 7r(p, i) + 75(p,i,0) + T(p,i,9).

Proposition 1 For the centralized case, the globally-optimal retail price is

. exp(Ao) + fc+1
pC = ﬁ )

where A\¢ can be uniquely obtained by solving the following equation for \: A+exp(\) = a—fc— 1.
We then compute the mazimum system-wide profit as I, =11 (pf) = exp(Ac)/B.

Next, we analyze two three-stage scenarios for the online financing system, starting with scenario

Proposition 2 Under scenario 1 (i.e., when the bank’s interest rate decision takes place before the
bank-platform interest allocation negotiation), we can find the unique interest rate and retail price

in Stackelberg equilibrium by solving the following equations:

(1—9)*[1 +exp(M)]
Bc

where A1 can be uniquely obtained by solving the following equation for \:

(1 —g)exp(2A1) + (3 —2g)exp(A1) + Bc+2—g
/B )

1 —g and p] =

A=a—(1—-g)exp(2)\) — (3 —2g) exp(A) — fc— 2+ g.

Then, we can uniquely find the negotiated interest allocation ratio as

5t — (9 —1)(a—g)exp(2A1) + [—292 +g(a+3)— 2a] exp(\1) + Beg — g% —a+2g
' Beg — (1= g)2 [1 + exp(h)]? ’

and calculate the resulting profits for the three firms as

. e oy (1 —g)exp(Ar)
71'}_2 = 77}%(1917@1) i S—

B
Wg = 7_‘_1B(p>{ ZT 5?) _ (1 - a’) exp()‘l) [1 + (1 - g) exp()‘l)]

7
wf = mhiot,at, o) = “RAUREC Zgenl]




For scenario 1, the system-wide profit is

A1) (1 — A 2 -
D = rle 4t 4 pts _ SPOD L= g)exp(h) +2 g

B

We then perform game analysis for scenario 2.

Proposition 3 Under scenario 2 (i.e., when the bank makes its interest rate decision after the
bank-platform interest allocation negotiation), we can uniquely obtain the retail price and interest

rate in Stackelberg equilibrium by solving the following equations:

(=gt epOol | 0 (1) fexp(2h) + 3expha) + 2] + e
Be 2 B(1l-g) 7

where Ao can be uniquely obtained by solving the following equation for A:
A =a—exp(2\) — 3exp(A) — e/ (1 —g) — 2.

Then, we can find the unique negotiated interest allocation ratio as

(1—g)(a—g)exp(2X2) + (1 — g) [(a — 3)g + 2a] exp(N2) + ¢*(2 — a) + g[(a — 1)Bc — 2] + a
(1—g)*[1+exp(A2)]?

55 =

We also compute the resulting profits as

mh = mh(p5,i3) = u_g}),w’
i exp(Aa) (1 — a) [(1— g) exp(2X2) — (> + g — 2) exp(Aa) + Beg + 1 — ¢?]
TR = Tp\P2,%2,02) = ﬁ(l—g) [1+exp()\2)] 7
s _ 2 ity = ©e02) [(1 = 9)exp(2da) = (9 +.9 = 2) exp(ha) + ey +1 =
T = TPy, lg,00) = B(1—g)[1+exp(A2)] ’

The system-wide profit for scenario 2 is

[ ep0) [exp(2ha) +Sep(ha) +2 g
D=1y exp(A2) B 1—g]|°

Propositions 2 and 3 expose that the decision-making sequence significantly affects all firms’

optimal decisions and profits.

4 Comparative Analyses

We perform comparison analyses to derive managerial implications regarding which scenario is more
favorable to the bank and the platform. This finding is important to understanding whether the

two firms have an incentive to engage in scenario 1 or 2.

Proposition 4 For the online system, we find the following results.



1. A1 > A2 and thus, the demand under scenario 1 is always greater than scenario 2.

2. p} < p5 but i} (07) may be greater or may be smaller than 3 (03).
3. mp > w3 but 7} (7)) may be greater or may be smaller than 7% (73F).

Proposition 4 certainly indicates that the retailer charges a lower price (pj < p}), achieves higher
sales (A\; > A2), and obtains a greater profit (7 > %) under scenario 1 than under scenario 2.
These definite results can be justified as follows. Under scenario 1, the bank determines its interest
rate prior to negotiating the interest allocation ratio with the platform. That is, the ratio decision is
the two firms’ “best response” to the bank’s interest rate decision. As our decision-making problem
is one with complete information, the bank has the knowledge of the best-response ratio decision
in terms of its interest rate. This helps the bank find the optimal interest rate decision i} that
maximizes its profit.

However, under scenario 2, the bank’s interest rate decision occurs after the ratio negotiation.
Therefore, we can regard the interest rate decision as the bank’s best response to the bank-platform
ratio negotiation that depends on the two firms’ profits as well as their relative bargaining powers.
As the ratio negotiation is made by the two firms rather than the bank itself, the ratio decision
may not be most desirable by the bank. Hence, for scenario 2, the bank’s optimal interest rate 5
(as the best response to the ratio decision) may not be most beneficial to the bank, which means
that ¢5 may differ from 4], as shown in item 2 of Proposition 4, and the bank may have an incentive
to change its interest rate decision under scenario 2 if 73 is different from 7]. This implies that the
interest rate decision for scenario 2 (i.e., i) could be “rather uncertain” compared to the interest
rate decision for scenario 1 (i.e., i}). As the interest rate influences the retailer’s profit, the retailer
can charge a lower price to attract consumers under scenario 1 but cannot ensure the effectiveness
of the lower-price strategy under scenario 2, i.e., pj < p5. As consumers are highly sensitive to the
retail price, a lower price can increase the demand, i.e., Ay > Ao, which brings about a higher profit
to the retailer under scenario 1, i.e., 7['}%* > 7T2R*, as shown in Proposition 4.

Our findings in Proposition 4 expose that scenario 1 is more conducive to attracting customers
because it can reduce uncertainty and allow for a lower-price strategy that can increase the market
demand and lead to a higher profit for the retailer. In addition, Proposition 4 shows that the bank’s
“first-mover” and “second-mover” strategies can generate different outcomes for the platform and
the bank.

Next, we compare the system-wide profit in each decentralized scenario (i.e., scenario 1 or 2)
with that in the centralized case to assess the efficiency of each decentralized system, which is
measured as the ratio of the decentralized system-wide profit to the centralized system-wide profit.

That is, for scenario ¢ = 1, 2, the efficiency of the corresponding decentralized system is computed

N L[ eI - gewn) +2-g) e
S s _ exp(A¢) ’ ’
tTII exp(A2) [exp(2A2) + 3exp(Ag) +2+ (Beg) /(A —g)] .. _

exp(Ac) [+ exp(Az)]

7



where Hi; is the system-wide profit in terms of the optimal decisions for scenario 4, and 1If, rep-
resents the system-wide profit in terms of the optimal retail price for the centralized case. As the
system-wide profit in any decentralized scenario must be smaller than the centralized system-wide

profit, i.e., II¥, > maX{H]lJ*,H%*}, we have 7; < 1, for i =1, 2.

Proposition 5 Both the system-wide profit in terms of the optimal decisions for scenario 1 (i.e.,
I1¥) and the system efficiency for scenario 1 (i.e., T1) increase with referral fee rate g but those

for scenario 2 (i.e., II2* and 73) decrease with g.

Proposition 5 implies that, as the impact of referral fee rate g on the system efficiency differs
under two scenarios, we cannot determine under which scenario the system efficiency is greater,
i.e., the efficiency may be greater or may be smaller under scenario 1 than under scenario 2. In
fact, under scenario 1, a proper increase in the value of g benefits the system efficiency, because,
although a higher value of g makes the retailer absorb a greater referral fee, it raises the platform’s
gain and thus may induce the platform to accept a lower interest allocation ratio in the negotiation
with the bank. Then, the bank may respond by charging the retailer a smaller interest rate. This
could motivate the retailer to acquire more products for sales on the platform and therefore, the
system efficiency improves, which means that a higher referral rate makes the decentralized system
behave closer to the centralized system. Similarly, using the above argument, we can find the
impact of a decrease in g on the system efficiency under scenario 2 as shown in Proposition 5, i.e.,
a lower referral rate makes the decentralized system closer to the centralized system. We conclude
that referral rate g plays a role in the platform-bank interest allocation ratio negotiation, thereby
influencing the system performance.

We obtain the insights provided by Proposition 5 in the platform-assisted financing setting. In
practice, although the platform-assisted financing system is common, there exist other loan settings
which include the “platform credit financing” system and the “bank credit financing” system. In
future, it would be interesting to explore our game problem in different loan settings. Moreover,
two or more platforms may compete with their financing strategies, and two or more retailers
compete for consumers with their pricing strategies on a single platform that provides financing
services. As such competitive cases are common in reality, we would investigate our game problem

in a competing setting.

Acknowledgement 1 This research paper was supported by the General Research Fund (GRF) of
the Hong Kong Research Grants Council under Research Project No. LU13500822. W

References

Amazon (2023). Category Referral Fees. https://sell.amazon.com/pricing#referral-fees
(Last accessed on February 23, 2025).



Bapna, R., Goes, P., Wei, K. K. and Zhang, Z. (2011). A finite mixture logit model to segment and
predict electronic payments system adoption, Information Systems Research 22(1): 118-133.

Goldman (2019). Goldman Sachs Partners with Apple on a Game-Changing Credit Card. https:
//www .goldmansachs.com/our-firm/history/moments/2019-apple-card.html (Last ac-
cessed on February 23, 2025).

Gong, D., Liu, S., Liu, J. and Ren, L. (2020). Who benefits from online financing? a shar-

ing economy e-tailing platform perspective, International Journal of Production FEconomics

222: 107490.

Leffert, C. (2022). Amazon partners with Lendistry to expand small-
business loan program. https://www.americanbanker.com/news/
amazon-partners-with-lendistry-to-expand-small-business-loan-program (Last

accessed on February 23, 2025).

Liu, Z., Shang, J., Wu, S. and Chen, P. (2020). Social collateral, soft information and online peer-to-
peer lending: A theoretical model, European Journal of Operational Research 281(2): 428-438.

Ma, C., Dai, Y. and Li, Z. (2022). Financing format selection for electronic business platforms with
a capital-constrained e-tailer, Transportation Research Part E: Logistics and Transportation
Review 162: 102720.

Nash, J. F. (1950). The bargaining problem, Econometrica: Journal of the econometric society
18(2): 155-162.

Pymnts (2020). Amazon, Goldman Have Lots To Gain From Their New Part-
nership. https://www.pymnts.com/news/partnerships-acquisitions/2020/

amazon-goldman-partnership-marcus-fintech/ (Last accessed on February 23, 2025).

Rath, S., Basu, P., Mandal, P. and Paul, S. (2021). Financing models for an online seller with
performance risk in an E-commerce marketplace, Transportation Research Part E: Logistics
and Transportation Review 155: 102468.

Sato, S. (2021). Market shares and profits in two-sided markets, Economics Letters 207: 110042.

Shevlin, R. (2020). Amazon And Goldman Sachs: A Small Business Lending Wake-
Up Call For Banks. https://wuw.forbes.com/sites/ronshevlin/2020/06/15/
amazon-and-goldman-sachs-a-small-business-lending-wake-up-call-for-banks/
7sh=7340a6£d7891 (Last accessed on February 23, 2025).

Son, H. (2020). Amazon unveils small business credit line with Goldman in lat-
est tie-up between tech and Wall Street. https://www.cnbc.com/2020/06/10/
amazon-and-goldman-sachs-unveils-small-business—-credit-lines-up-to-1-million.
html (Last accessed on February 23, 2025).



Tang, C. S., Yang, S. A. and Wu, J. (2018). Sourcing from suppliers with financial constraints and

performance risk, Manufacturing and Service Operations Management 20(1): 70-84.

Tuna, T. I. and Zhu, W. (2018). Buyer intermediation in supplier finance, Management Science
64(12): 5631-5650.

Wang, C., Fan, X. and Yin, Z. (2019). Financing online retailers: Bank vs. electronic business
platform, equilibrium, and coordinating strategy, Furopean Journal of Operational Research
276(1): 343-356.

Yan, N., Liu, Y., Xu, X. and He, X. (2020). Strategic dual-channel pricing games with e-retailer
finance, Furopean Journal of Operational Research 283(1): 138-151.

Yan, N., Zhang, Y., Xu, X. and Gao, Y. (2021). Online finance with dual channels and bidirectional

free-riding effect, International Journal of Production Economics 231: 107834.

Yi, Z., Wang, Y. and Chen, Y. J. (2021). Financing an agricultural supply chain with a capital-
constrained smallholder farmer in developing economies, Production and Operations Manage-
ment 30(7): 2102-2121.

Zennyo, Y. (2020). Strategic contracting and hybrid use of agency and wholesale contracts in

e-commerce platforms, European Journal of Operational Research 281(1): 231-239.

Zhen, X., Shi, D., Li, Y. and Zhang, C. (2020). Manufacturer’s financing strategy in a dual-
channel supply chain: Third-party platform, bank, and retailer credit financing, Transportation
Research Part E: Logistics and Transportation Review 133: 101820.

10



Online Supplements
“Optimal Retail Pricing, Interest Rate, and Interest Allocation Ratio Decisions in an
Online Platform-Assisted Financing System”
D. Kang and M. Leng

Appendix A Proofs
Proof of Proposition 1. For the centralized system, the system-wide profit is
II (p) = 7I-R(p7 Z) + 7I-B(pa ia 5) + TFE(p, ia 6) = eXp()‘C)(p - C)/ [1 + eXp(AC)] )

where A\c = o — p. The first- and second-order derivatives of II (p) w.r.t. p are

Ol (p) _  exp(2Ac) — [B(p = ¢) — Hexp(Ac)
Op [14 exp(Ac)]? ’
0?11 (p) _ Bexp(Ao) <0
op® [1+exp(Ao))®

Hence, we can solve the first order condition JII (p) /dp = 0 to uniquely obtain the globally-optimal
retail price as given in this proposition, and then compute the maximum system-wide profit as in

this proposition. m

Proof of Proposition 2. We compute the first- and second-order derivatives of mr(p,i) w.r.t. p

Omr(p,i) _ (1—g){exp[2(a - Bp)] +exp(a — Bp)} + yexp(a — Bp)
op 1+ exp(a — p)]® ’
O*nr(p,i) _  B{y{exp[2(a — Bp)] — exp(a — Bp)} — 2(1 — g) {exp [2(a — Bp)] + exp(a — Bp) }}
op? [1 + exp(a — 6p))° ’

where v = S c(1+14) 4+ p (g —1)]. Since \; = a — Bp1, the retailer’s optimal (best response) retail
price p*(i) can be obtained by solving the following equation for pj:

_ 1+4exp(Ar) N c(1+1)
B 1—g

where \; satisfies the equation:\; = o —exp(A1) — 1 — Bc(1 +1)/(1 — g).
Using (1) and the equation for A1, we compute v = — (1 — g) [1 + exp(A1)] < 0 and have

: (1)

o

o\ pec  Be 0%\ B2 exp(\r)
o Ty

0 and = — 0.
g 1—g v sPand T 72 [1 4 exp(A1)] =




Analysis of an Online Financing System Proofs

Substituting p*(i) in (1) into 8?7 r(p,i)/0p* gives

O*mr(p, i) B (1 —g)exp(A1) {1+ 2exp(A1) +exp{2[\ + Be(l+14) /(1 —9g)]}}

= — < 0.
Op? 1+ exp(\)J?
Thus, 7r(p,?) is unimodal in p.
For scenario 1, substituting p*(7) in (1) into 7p(p,4,d) and 7g(p,i,d), we have
. ic(1 —9)exp(A1)

0) = 2

m(i0) = o) 2
{g9(g—Dexp(h1) +¢* +g{Bcli(d —1) — 1] = 1} — Beid } exp(M)

E(Zv(s) = 67

To obtain the negotiation solution for interest allocation ratio &, we solve the maximum prob-
lem maxs A (i,0) = (7, (i,6))%(m, (1,6))1 7% Given the interest rate, the first- and second-order

derivatives of A (i,0) w.r.t. ¢ are

ONG,0) . iar g oeqafa—1 afci(g —1)
a5 = [ (GO I (0,9) {1_5 T glg—Dexpn) + 2 + 918G —1) 1] —1}—6cz’6}
and
2A (i
(9/(;(5(2’6) = —alm, (4,0)] “{m, (¢,0)}"ic(a — 1) exp(A1) [(Bc—i— 1)g + Bei — 92]

y { 9%(1 — g)? exp(2M1) + [29(1 — g) exp(M1) — ¢° + (Be + 1)g + fBei }
[1+exp(A1)] (6 = 1) {(9% — g) exp(M) + g2 + (=1 + Be(di — i — 1))g — ci6 B}’

Solving O A (i,9) /0§ = 0 for § yields

—1)(a—1)exp(\) + (a—1)g* + g[—a (1 + Be) + 1+ Be (1 + )] — afci
Bei(g—1) '

At the point satisfying 0 A (¢,0) /0§ = 0, we find that

0? 26(2@',5) _ _{(a— 1)69$Xp(h)}“ {_a9e>;:(>\1) }a {Bczi[(ltei)ﬁg?l)}’

5*(Z.):g(g

where 6 = g (1 —g)exp(\1) — ¢?> + g(Bc+1) + Bei and v = — (1 — g) [1 +exp(\1)]. Since 8 > 0
and v < 0, we have 9% A (i,6) /06% < 0. That is, A (i,0) is unimodal in §.
Substituting §*(¢) into 7p (,9) yields

0 (1 —a)exp(\1)
B(1—g)[1+exp(A1)]

(i) =
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We differentiate 7p(i) once and twice w.r.t. 7, and have

orp(i) _exp()\l) (1 —a)Becl@/y+ (1 —g)exp(A1) + 1]
o By [1+ exp(Ar)] ’
0?m (1) _ 7602 (1 —a)exp(A1)[2(1 — g)exp(2A1) + (3 — 2g) exp(A1) + 1]
di2 721 4 exp(A\1)]? '

Solving 0w p(i)/0i = 0, we obtain

(gl ren()f
1 Be

Because 2 (1 — g) exp(2A1) + (3 — 2g9) exp(\1) + 1 > 0, we have 0?7 (i)/di? < 0, which means that

wp5(1) is unimodal in 4.

Using ¢} to replace ¢ in pj(:¢) and §*(i) gives the retail price and interest allocation ratio in
Stackelberg equilibrium as in this proposition. In addition, we can compute the three firms’ profits
(i.e. 77};;*, 7TB , and 7r ) and the system-wide profit 15N TI'R +7rB +7TE as shown in this proposition.
[ ]

Proof of Proposition 3. For scenario 2, p*(4) is given as in (1), the bank’s best-response function

wp(i,0) given as in (2). Using p*(i) we have

c(l+1
/\2=a—5p2=a—exp()\2)—1—ﬂl(_g)-

Taking the first- and second-order derivatives of Ay w.r.t. ¢ at both sides of the above equation, we

have 5 ) 5 5 ( )
Ao Be 0“Xg B7c” exp( Ao
9i  (—g)l+ep(a)] ~ 02 T 21+ exp()]

We differentiate 75(i,d) once and twice w.r.t. i as

orp(i,9) _ c(1 — &) exp(Xa) [1 4 exp(A2)] [i (BN2/Di) + 1] — ic (OX2/di) [exp(X2)])* (1 — 0)
91 [1+ exp(Xa))? 7
827TB(i,5) o _exp()\g) (

oz [+exp()\2)]){ exp(2Aa) (OXo/0i) + i[(6° X2/ 012) — (D/0i)?] exp(Xa)
2 .

+ (0X2/01)% i + (0°A2/0i%) i + (ON2/0i)}.

Solving 0w p(i,0)/0i = 0, we obtain

o (L= g)[L +exp(ha))?
2 Be :
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Since i3 > 0, (0A2/0i) < 0. At the point 3,

Prp(i,6)  c(1-0) (0°X/0i%) exp(Na)
0i? N (6>\2/8z) [1 + eXp()\g)]

<0,

which implies that 75(4,0) is unimodal in 7.
Using 4% to replace i in p3(i), we have the retail price in Stackelberg equilibrium p} as in this

proposition. Using % to replace i in w(i,0) gives

c(1-6)(1—g)exp(A2) [1 +exp(rz)]
/B Y

TB(0) =
and substituting 5 and p3 into 7g (p,4,d) yields

B exp(A2) B Do — §lex
() = S EA (o= {6~ Dg = dexp(2A)

+2(g — 1) [(6 — 3/2)g — 6] exp(X2) + (6 — 2)g* + (Bc — 26 + 2)g + 0}.

To find the bargaining solution &, we should solve the maximum problem maxs A (§) = (7, (6))%(7, (6))* 7%

The first- and second-order derivatives of A (J) w.r.t. J are

ONE) _ (9= D[mp(0)] " [rr (§)]" exp(2X2)

0 75 (0) (1 —g) {=(g— 1) [(6 = 1)g — 6] exp(2As)
—(9—1)[(a+26 —3)g + 2a — 28] exp(Aa) + (—a — § + 2)g°
+(aBe — Be+20 — 2)g +a — 6},

and
N (8) a(a—1)exp(3X2) [r(9)]"* [7E (9)]"
95? B -0 (1—g) e )L+ exp(Az)]
x{—=2(g—1) [5cg — ( ) /2 — ( 92) /2 + 3] exp(2X2) + 2(93 — 39+ 2)exp(3A2)
+(1— g)% exp(4Xa) + (Beg — g° + 1) [2(—¢% — g+ 2) exp(X2) + feg — g° + 1] }.

Solving 9 A () /0§ = 0 for § yields

(1—g)(a—g)exp(2Q) + (1 — g) [(a — 3)g + 2a] exp(A2) + (2 — a)g? + (afc — Bc —2)g + a
(1—9)*[1+ exp(X2)]”

55 =

As the point 5, we find that

9% A (9) c® exp(A2) B[1 + exp(A)] (1 — g) [ (0)]”* [7k (9)]"

052 a(9X/0i){(9(1 — g) (DX2/Di) — Be) exp(ha) + g(Be + 1 — g) 9N/ Di) — Be}’

where 0X2/0i = —fc/[(1 — g)(1+exp(A2))] < 0. Since [g(1 — g)(OA2/07) — Bc]exp(A2) + g(Bc+1—
9)(0X2/8i) — Bc < 0, 8% A (6) /96 < 0 and thus, A (6) is unimodal in 4.
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Using the Stackelberg equilibrium, we can compute the three firms’ and the system-wide profits

as shown in this proposition. m

Proof of Proposition 4. Using Propositions 2 and 3, we compute

S (1 —9) [exp()‘l) - exp()‘Q)]
R R — 5 :

Moreover, we calculate \; — Ay = A = —(1—g) exp(2A1) — (3 — 2¢) exp(A1) +exp(2X2) + 3exp(Ag) +
Be/ (1 — g) — Be + g, which is decreasing in \;. Replacing A\; with Ay in A, A is reduced to n =
g[1+exp(X)]? + (Beg) / (1 — g) > 0. As exp(X;) > 1 (for i = 1,2) and n > 0, we find that A; > Ao
and 7'['}%* > 7['%%*. In addition, since A\; > Ag, we have A\; — Ay < 7 because A decreases with Al
Because D(p) = exp(A\)/[1 + exp(A)] is increasing in A, the demand (the retailer’s sales) under
scenario 1 is greater than that in scenario 2.

We also use our results in Propositions 2 and 3 to calculate

* * )‘1_A2
p1— P2 = — 3 <0,

which means that p] < p3. We also compute

(1-9){(1 =) [L+expOn)]? = [1+exp(ha))*}
Be -9

k=i

which may be positive or may be negative although Ay > Ao. Similarly, we have

(1-g)(a—g)exp(2M1) +[a(2—g) — g(3 —2g)]exp(A1) + g(9 —2—fBc) +a
(1—9)%[1L +exp(\)]* - Beg
(1 —g)(a—g)exp(2A2) + (1 — g) [(2 + g) a — 3g] exp(A2)
(1—9)?[1+ exp(X2)]”
2—-a)g® —g[2+Bc(l—a)+a
(1—g)* [ +exp(A)]? ’

=05 = 6=

and we cannot determine the sign of 67 — d5.

In addition,
1 2% (1 — a)G
T TR g ()]’
x exp(A2) [(1 — g) exp(2X2) — (¢ + g — 2) exp(X2) + Beg + 1 — ¢°]

where

0 = (1—g)exp(M)[1+exp(A2)][1+ (1 —g)exp(A1)]
—exp(A2) [(1 — g) exp(2X2) — (9% + g — 2) exp(X2) + Beg + 1 — ¢°] .
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We also cannot determine the sign of ﬂ};* — W?. Then, to compare the platform’s profits under the

two scenarios, we compute
1% 2% a’@

TETTE T (1= g) L+ exp(a)]’

which may be positive or may be negative.

This proposition is thus proved. =

Proof of Proposition 5. For scenario 1, we compute the first-order derivative of system efficiency

71 wW.r.t. g as

dr1 _ exp(M) {% 2 g+2(1— g)exp(A)] - 1—exp<A1)}-

99 exp(Ac) | 99
Since
% _ 1+ exp(\1)
09  1+2(1—g)exp(Ar)’
we find that

Or1 _ exp(M) [1 + exp(A1)] [2(1 —glexp(M)+2—g 1]
dg exp(Ac) 2(1—g)exp(M1) +1 '
As2(1 —g)exp(A)+2—9>2(1—g)exp(A1) + 1, we have 971/0g > 0, i.e., 71 is increasing in g.
For scenario 2, since d\2/0g = —(Bc)/{[2exp(2X2) + 3exp(A2) + 1](1 — ¢)?} < 0, we have

02 _ Beexp(Ag) { exp(2A2) + exp(A2)

dg (1—g)%exp(Ae) [1 +exp(A2)]? | 2exp(2X2) + 3exp(A2) + 1
Beg B 1} .

(1 —g)[2exp(2A2) + 3exp(A2) + 1]

Because [exp(2XA2) + exp(A2)]/[2exp(2A2) + 3exp(A2) + 1] < 1, we find that 979/0g < 0, i.e., T2 is
decreasing in g. Because the centralized payoff IIf, is independent on g, we have this proposition.



